J. Chem. Inf. Comput. S&000,40, 611-621 611

Quantitative Determination of Magnetization Exchange Rate Constants from a Series of
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A method for quantitative determination of magnetization exchange rate constants (cross-relaxation and
chemical exchange) from a series of two-dimensional exchange spectra is presented. The method, the least
error matrix analysis (LEMA), combines a series of full matrix calculations at different mixing times in a
least-squares manner. LEMA embodies the principal advantages of full-relaxation matrix analysis (FMA)
and initial rate buildup (BU) analysis. Like FMA, it takes into account all the relations among the spectral
matrix elements and in analogy to BU makes use of their time evolution. By means of calculations,
simulations, and experiments, we have shown that LEMA provides the dynamic matrix from a given set of
experimental data with errors that are smaller than in either FMA or BU calculations.

INTRODUCTION (BU) and full-relaxation matrix analysis (FMA) to include
a variable number of spins at spin sites. After the error
ropagation analysis, we describe a novel method for
guantitative analysis of 2D exchange spectra, the least error
matrix analysis (LEMA) Finally, we demonstrate its use
and advantages over BU and FMA on a 10-spin model
system, cycla(-Pro-Gly). A method closely related to
LEMA, also based on our previous error propagation
, . : o eanalysisl,l has been described recentiyThe main advantage
mathematical formalism. Therefore, their quantitative analy- of LEMA is that it does not require any prior knowledge

sis is the same. ) o about the system, because it recovers the necessary informa-
The most impressive application of 2D exchange spec- tjon from experimental data in an iterative manner.
troscopy is the use of NOESY for the determination of

Two-dimensional (2D) exchange spectroscopy encom-
passes a set of methods designed to monitor incoheren
magnetization transfer processes in multisite systehis.
includes different 2D experiments that provide an efficient
way for studying the chemical exchange (EXSY) and cross-

protein structures in SOlUtiOﬁSAIthOUgh, most often a BASIC RELATIONS IN THE EXCHANGE SYSTEM
semiquantitative analysis suffices, it is well recognized that  \wTH UNEQUAL POPULATIONS AND UNEQUAL
the gquantitative interpretation of NOESY data can be even LEAKAGE RELAXATION RATES

more advantageous® Due to smaller spectral distortions, . . . .

EXSY spectra were already quantitatively interpreted. NegIe_ctmg other Interactions, the incoherent transfer' of
The biggest obstacles for wider use of quantitative 2D magnetlzatlon (chemical exchange and cross—relaxatlop)

. ) observed in exchange spectra is given by the master equation

exchange spectroscopy are the many imperfections of mac-

romolecular spectra. Notably, the spectral overlap precludes m=Lm (1)

a proper spectral peak volume integration, the base plane

distortions alter the peak volumes, etc. Nevertheless, the newwhere L is the dynamic matrix (whose elements are the

multidimensional multinuclear techniques and the equally magnetization exchange rate constantsand the autore-

important new procedures for uniform or selective deutera- |axation rate constants;) and m is the vector of the

tion of biological macromolecules may eliminate many (observable) deviation of actual magnetizathd(t) from the

practical problems. Then, the principal difficulty left would  equilibrium magnetizationM®, m = M(t) — M°. It is

be the lack of appropriate theoretical analysis. convenient to represent the 2D exchange spectrum as a
Here, we present a quantitative analysis of an exchangingmatrix of peak volume#\ (zy), wherer,, denotes the mixing

system having an arbitrary number of spins at spin sites andtime. The principle of detailed balance (and microrevers-

arbitrary external relaxation rates. First, we provide the ibility) 134 implies that for a fully relaxed system the 2D

principal relations between the spectral and dynamic matri- exchange spectrum, i.e., the corresponding matrix of peak

ces, and the relations among the dynamic matrix elements.volumesA(zy), is always symmetric. The volume matrix

Then, we recast the formulas for initial buildup rate analysis A(rn) is related to the dynamic matrix by'215

T On leave from the Mathematical Institute, Knez Mihailova 35, 11000 A(T ) = eerA(O) (2)
Beograd, Yugoslavia. m
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is represented by a diagonal matrix whose elements areequilibrium decreases toward zero over time. For NOESY
proportional to the equilibrium populations of the respective in the spin diffusion regime and for EXSY_,? > 0 andg;
spin sites = 1; for NOESY in extreme narrowing and for ROESY’

i’
A(O) = aON — a0d|ag(nl, "'1nP) (3) < 0, andCij < —1.

& is the unit spectral peak volume (volume of a single spin), INITIAL BUILDUP RATE ANALYSIS

and N is the diagonal matrix of sp_in popul_atit_)_ns whose 1t is convenient to expand eq 2 into a Taylor sefie®
element:; denote the number of spins at spin Sit§/hen

the spin sites have different populations, irg.7 n;, from L 0 1 s 5
egs 2 and 3 it follows that A(r,) AO) "=e™=1+NL7,+ E(NLO) T, +
LN =(LN)"=NL" (4) é(NLO)srmB + ... (10)
We say that a matrix. with the property given in eq 4 is
quasi-symmetric. In a scalar form, eq 4 becomes The coefficient at the linear term represents the contribution
of a single-step magnetization transfer, at the quadratic the
nL; = nly (5) two-step transfer, etc. For sufficiently short mixing times,

eq 10 can be truncated after the linear term. Then, the
experimentally obtained spectrui(zy,) directly maps the
normalized magnetization exchange rate matrix

Denote byL° the matrix of normalized magnetization
exchange rate constants

LO=N"'L 6 _ _
© L°= (1t )NH(—1+ A(z,) A(0) ) (11)

Note thatL? is symmetric

In a scalar form, eq 11 for normalized cross-peaks becomes

L. L.
n n Aij () N Aij () ~ L% (12)
= ~ LT,
The normalized magnetization exchange rate congffint nA(0)  nA©0)
is related to the first-order chemical exchange rate constant _
ki and cross-relaxation rate constatjtby or, using eq 3
0 __
Lj=—-Ry + kij (8) Aij(fm) ~ L% (13)
m

i
The diagonal elements; of the dynamic matrix depend NMi%
on all the rates by which the particular site loses magnetiza-
tion: L; represents the magnetization exchange with other X . :
sites, Ria"° the losses due to autorelaxation (if the site has numbe_r of spins at the partner _S|te. Only thgn, the normaliza-
more then one spin), an&;® the losses due to external tion is independent of the choice of the diagonal.

sources of relaxation (all the nonobservable spins, including In practice, owing to the low sensitivity, longer mixing
the paramagnetic centers). Thus times are used. Then the higher-order terms of the Taylor

expansion must be taken into account, and eq 12 becomes
0 0
Li = =R = (n, — DR - zciil-ji 9)

Note that in eq 12 each diagonal peak is multiplied by the

1= Aij (rm) Aij (Tm) 0 1 0,0 2
where nAj0)  nA(0) 2
1,L;>0 1
G = { <_J|11 L <0 = L{7, + 5{ k;[nkLiﬂ’(Lf(’j — Lyl + nogLl +
Ti
0 t 0
For infinitely long mixing times, the system spontaneously Lilni(Ri® + (n — DR — giky) + m(Ry™* +
returns to the equilibrium, so all the] values must be (n — 1)Rjja“t°— CijLicj))]}‘L’mz-f' .. (14)

negative. This is emphasized by negative signs in eq 9. The

constantsc; takes into account that the positive cross- The gquadratic and higher order terms in eq 13 that correspond
relaxation rates (negative NOEs) are associated with dis-i two and higher step transfer are a source of error in the
sipative autorelaxation proces¥esnd ensures that the  anaiysis of the linear term. The nonlinear terms can
inequality overwhelm the desired linear term because of the magnitude
0 0 of individual Li andL,; terms, the large number of exchange
Lii + Z“‘ii| =0 pathwaysk, or the long mixing times (largen,). Also, the
! external relaxation and autorelaxation raf®¥ and Reu©
holds even in the absence of external relaxation. Therefore contribute to the quadratic and higher order terms.
the negative definiteness of a dynamic matrix is preserved A practical improvement in buildup analysis can be
for all mixing times, ensuring that the deviation from achieved by normalizing the cross-peaks with their respective
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diagonals at the current mixing time (instead at zero mixing dynamic matrixL can be written as
time)?!

Ai(T,) L =UAV' =NVAV' (19)
i(Tm
- L‘?Tm + anl‘ L L L'(JJLJCJ) where the elements of diagonal matAxare defined by
niAjj(‘L—m) 2
A =Qk)InTi(z 20
= LO‘L' + { z [nkLI?(L Li(j)(nickiL anJL ] + i ( m) |( m) (20)
kilj

[n R+ (n — IR aute_ S LO B n(R ex From egs 6 and 19 it follows that
Lo AN i i ji=ij ASh]
(= DR~ L")]}r . (15) Lo=VAV' (21)

For normalization with the other diagonai(z)) the same  Or in a scalar form

expression is obtained, but with indiceand] transposed.

Since the quadratic and higher order terms of expansion Lij0= Zvikvmk (22)
depend on the position of indicésandj, they are affected

by the diagonal peak selection. The advantage of normaliza- ) _ ) _
Thus, full matrix analysis comprises the calculation of

tion in eq 15 over eq 14 is that it reduces the influence of ¢ . )
external relaxation in the second-order term. (Note the change€19€nvectors and eigenvalues of the dynamic matrix over
of sign inR;e* andR2 terms in eq 15 versus eq 14.) The the eigenvectors and eigenvalues of the normalized spectral
. . . . —1
arithmetic average of normalized cross-peaks in eq 15 and,matr'xp_‘(fm) A(0)"". The main disadvantage of FMA is that
eq 15 with respect té(zm) gives even better results, as it |t requires the volume integrals of all spectral peaks,
eliminates completely the influence of external relaxation 'ncluding the diagonals.
and autorelaxation rates in the second-order term
ERROR PROPAGATION ANALYSIS
A1( ) 1 1 = 1% + When the populations at all spin sites are the same, the
I I A]](Tm) n'An(Tm) ym exact equation for propagation of errors is described in ref
11. For different populations, the equation becomes
0 2

2.4 2 (1 =0;,)0 —24J\?
ALY| ~ N, Vg +
The limitations and criteria for the validity of the Taylor ALl ~ krzs v ¥s) htm _ glsm
expansion are described elsewh®re. S i o
A

rs

FULL MATRIX ANALYSIS

The dynamic matrix. can be obtained by full matrix
analysis, solving eq 222726

(AAS™? = e(ty, L, AA™™), (23)
rme’l’fm

wherel’s are the eigenvalues amts are the left eigenvectors

— -1 of L. The error matrixAA"™ is normalized to the volume

L = W) In(A(zm) AO) ) A7) of a single spin at, = 0. If the volume errors are equal
For a system that is at, = 0 in thermal equilibriumN = and uncorrelated (i.eAA¢™™ = Aa = constant), eq 23
diag{ny, ..., ne} is positive definite. Hence, the quasi- becomes
symmetric matrixL. hasP real (negative) eigenvalues, and
the left eigenvectors corresponding to two different eigen- 1- 5/1,/15)(% — AJ\?
values areN-orthogonal (see the Appendix). From eq 17 it IAL.JI ~ A Z(Vlrvs,) +
follows that the dynamic matribk is a function of two ghim — gistm
matrices that correspond to exchange spectra obtained from 9, \2\]v2
the experiments recorded at mixing timgs and zero. A v _

. : . = €(t,, L, Aa); (24)

convenient way for calculating the elements of a dynamic rme’l”m I

matrix uses the eigensystem Afz,) A(0)~L. The matrix
A(zm) A(0) ! that corresponds to a normalized exchange

spectrum can be written as Equation 24 expresses the error of a dynamic matrix element

ij’ obtained by full matrix analysis when the error of peak
A(z,) A(0) = UF(rm)VT (18) volumes _isAa“ (Aaiis also normalized to the volume of a
single spin aty, = 0), Figure 1. Note that eqs 23 and 24 are

whereI'(zy) is a diagonal matrix whose elementér) are accurate only for small errors. For both equal and nonequal

the eigenvalues of the normalized spectral matifm) volume errors,lAL°| = |AL | and |AL;j| = n.|AL l.
A(0)7%, and the matriced andV are the left and right modal The errors of |nd|V|duaI elemenu$L°| have minima at
matrices. Becaus@(rm) A(0)! is quasi-symmetriclJ = particularz, values, Figure 1. The spread of the positions

NV (see the Appendix). The left and right eigenvectors are of the minima depends on the topology of the system, and
equal only when all populations are the same. As a result of is not known in advance. Thus, even for full matrix analysis,
the invariance of modal matrices to matrix functions, the a few experiments at different mixing times are needed. Then,
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b 0 \\__________wi___”“_,,_ 0

L, = const. £AL (1)

L, = const. tAL,A(r-.,.’)}_ //
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Figure 1. Mixing time evolution of spectral peak volumes and
their errors in full matrix analysis: (a) According to eq 2, the
diagonal peak volumes; andAy, monotonously decay from initial
values toward zero, whereas the cross-peak volufjesnd Ay, . . . o
build up from zero and then decay together with diagonals toward Figure 2. Influence of function transformatlson on distribution of
zero. When the background noise is the principal source of errors, €ors: (@) The buildup curve for the Pré/H”* spin pair in cyclo-
the peak volumes at all mixing times will have the same error, (L-Pro-Gly) is shown with one standard deviation error bound
+Aa. (b) The magnetization exchange rate constapts., Ly are according to the empirical error profilaA = 0.024A + 0.005(0).
obtained from peak volumes by eq 17, and their error limits from 1€ Gaussian distribution curves are determined by 1000 Monte
eq 23 or 24. Even when peak volume errors are constant, theCarlo sl'mulatlons at each mixing time. The inset shows the
magnetization exchange rate constaxit§(zy), ..., ALi(r) depend probability plot of volume distributiof? (b) Upon transformation
on the mixing time. At extreme mixing times when the cross-peak according to eq 17 the distributions of volume are transformed into
volumes become vanishingly small, the errors sharply increase. Indistributions of magnetization exchange rate constants. This
between, the magnetization exchange rate constant has a minimajfansformation, however, besides changing the error limits changes
error at a characteristic mixing time, different for each spin pair. the error distributions as well. This is not apparent from the
distributions themselves but is clearly visible from the probability
instead of analyzing data at only one mixing time, it is much Plot shown in the inset. The deviation from linearity of the
better to analyze all the data available at different mixing probability plot indicates a deviation from the normal distribufitn.

times.

-10 10

derivatives of£? are not necessarily linear in the parameters.

In this case, an estimate for the parameters can be obtained
LEAST SQUARES either by solving a system of coupled nonlinear equations

The method of least squares is a well-known technique or, directly, by minimizing eq 26. Neither of these two tasks

for fitting N data points €, Ay to a model that ha is an easy one, as in both cases the convergence toward a
adjustable parametets?’ It is easily applicable to a fitting  solution strongly depends on the choice of starting value and
function that is linear in its parameters. Let numerical method used.

Sample Size and Function Transformation.To simplify
. the fitting function, sometimes it is possible to transform
Ar) = ;Llfi(r} (25) the nonlinear model into a linear one. However, after the
B transformation the errors are usually not normally distributed;
be the model function. The method of weighted least squarestherefore, the calculated parameters are not the maximum-
requires the minimization of likelihood estimates, Figure 2. When the number of data
points is small, typically less then 50, the bias introduced
N M by linearization is not significarff. To account for the
2 2 2 y g
E"= Z(l/ok YA ZLJ'(rk)) (26) transformation of the dependent variable, the uncertainties
k= = must be propagated to the transformed variable. In general,
with respect to parametets. The quantitiess, 2 in eq 26 there is no exact solution to this problem; it can only be
act as weighting factors. The global minimum can be Solved to a first approximation. Thus, the uncertainties in
obtained by solving a set of coupled linear equatiavs ( f(A) are approximately given by
equations foiM parameters).
If the data pointsAc are samples from a Gaussian A‘C(A)%Uk(df(p*)/dp‘)h\k (27)
distribution with mearA(zy) and standard deviation, the
maximume-likelihood estimatés of parameterd,, which Equation 27 is the well-known error propagation formula
maximize the probability that the given set Nfvalues of (used here to derive eqs 23 and 24), and it is a good
A could have occurred, can be obtained by minimiziig approximation only for small errofs.
from eq 26. For a non-Gaussian distribution one obtains the Least-Squares and Buildup Rate AnalysisThe extrac-
least-variance estimatéf parameters. tion of magnetization exchange rate constdntfom the
The least-squares method does not yield a straightforwardexperimental datay = A(zy) depends on the method for
solution for nonlinear models, because in this case the partialquantification of exchange spectra. Buildup rate analysis
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BU FMA Anom = A(z..) A(0)~! propagate intd. according to eq 27.
For example, if the uncertainties "™ are unequal and
— uncorrelated, they propagate as described by eq 23. When
N A » the uncertainties are equal (and uncorrelated), the compu-
~ R tationally less demanding eq 24 can be used. The cross-
S relaxation rated; are calculated as the minimum of
, - Ly — Ly
EE=)——"—"—" (29)
AV YNy F\e(T LaAAnorm)ij
~ A

The dynamic matrix is obtained from theth spectrum
a b C by FMA. As the weights depend o, the minimization

Figure 3. Comparison of different methods for quantification of problem (eq 29) is a nonlinear one. If an initial model is
magnetization exchange rate spectra: (a) The buildup rate analysisava'laple' .the_ weights can be calculated from ',t’ and then
takes into account the time evolution of the selected volume integral the minimization problem (eq 29) becomes a linear least-
but ignores all others; it needs the diagonal volume for normaliza- squares problem. Then
tion. (b) Full matrix analysis reckons the interdependence of
volumes within a spectrum at a given mixing time but ignores the (L 1
volumes at any other mixing time. (c) Least error matrix analysis L. = Z ) Z

1) 2

(€;

considers all the relationships among peak volumes within and (30)

2
between the spectra at all available mixing times in a least-squares (ek)ij
manner. Because it uses all available information from a given series
of experiments, it is more accurate than full matrix or buildup and
analysis.

provides the elements &ffrom time evolution of individual ALy =1 Z (31)

1/2
cross-peaks. Their values can be obtained by least-squares (€l<)ij2
fitting of the truncated matrix expansion, eq 10. This is ) i
equivalent to element-by-element fitting of eq 13 in linear WhereLis obtained by FMA from théth spectrum, ane
approximation or eqs 1416 in quadratic approximation. For 1S the cor_respondmg weight dgtgrmmed from the particular
example, in the quadratic case, when the uncertainties inM0del. Without a model, the minimum of eq 29 can be found
normalized cross-peak volumes at mixing times are the same Py iteration. The iterative process is enforced by the
eq 26 becomes dependence of Welghts_on the dynar_nlc matrix, eqs 23 and
24. To calculate the weights for the first iteration, a subset
N of dynamic matrices obtained by FMA at nonextreme mixing
E2= Z(Aﬂ”mm(fk) — ij)fk — BTk2)2 (28) times is used. Then, a model dynamic matriis determined
k= by least squares, and it is used to calculate the weights for
the next iteration.
whereA;"°™(zy) denotes the normalized cross-peak (the left-  The procedure to determine the best values of magnetiza-
hand side of egs 1416) at the mixing timey. The minimum tion exchange rate constaritg from a set of matrices of
of eq 28 can be found as the solution of a linear coupled peak volume#\(zy,) by the iterative least-squares method is
system. The uncertainty of the paramelgrcan be ob-  as follows: (i) the § + 1)th approximation of dynamic
tained by standard metho#sThe dependence among the matricL is calculated as
cross-peaks within individual 2D spectra in this approach is

ignored. @D (L 1
Least-Squares and Full Matrix Analysis: Least Error Ly~ = Z a2 Z o2 (32)
Matrix Analysis. Theoretically, FMA needs only one (ex )ij (€ )ij

spectrum for determination of exchange rate constants (eq . . )
17). However, in the presence of noise, the determinedAdain, Lk is obtained by FMA from theth spectrum (eq
exchange rate constants can be very erroneous, especially7), ande is the error propagator defined as

when the spectrum was obtained at a long mixing time,
Figure 1. From the error propagation analysis it follows that
for FMA the optimal spectra can be obtained from a limited
range of mixing time3d-3%31\While the FMA simultaneously
uses all the peaks at a given mixing time, it ignores the
mixing time evolution of cross-peak volumes; i.e., the FMA
at a particular mixing time is performed independently from
the FMA at other mixing times, Figure 3. Better values of

e(rmk, L, AA™™ q=0

e(kQ)= (a) A nor >0
(tm, L@, AA™™),

(33)

whereAA" ™ is the normalized peak volume error, an@
is the gth approximation of the dynamic matrix. The
uncertainties of magnetization exchange rates are given by

exchange rate constaritscan be obtained by fitting a series 1 w2
of experimental spectra recorded at different mixing times ALij(q“) =1/ Z (34)
to eq 2 by nonlinear least squares. Due to the small sample (e(kq))ij2

size, instead of fitting eq 2 directly, one can fit its transformed
form, the constant function in eq 17. The uncertainties from (ii) For the first iteration ¢ = 0) the sum (in both egs 32
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and 34) is taken over those indicksthat correspond to  Taking (arbitrarily) AL;™ < (1/3)|L;™®, we find

nonextreme mixing times. In the following iterations all the

available mixing times are used. TANLES 3Aal|L max (37)
In the absence of crude errois® converges toward a

final L after few (usually two) iterations. The finalis the For example, ifAa = 1% andL;™* = 7 s°%, we find that

best ensemble average for a given set of 2D experiments.; min ~, 5 ms.

The matrix logarithm (eq 17) (performed once for each

. . . ! For the upper limit of the mixing time
spectral matrix) provides information about the peak volume PP g

interdependence at a given mixing time, while the weights 4 amag,
(ekD);2 enforce the relationship among the cross-peaks at lim AL ~ A VimYjm e (38)
different mixing times. We call this procedure the least error o0 I T

matrix analysis. It is a generalization of BU and FMA, and

it effectively combines the advantages of both, Figure 3. \herey,;, are the eigenvector components associated with
Implementation. The LEMA algorithm is implemented  the maximal eigenvalud™ jm& < (O becausel is a

in Matlab 4.2 (Mathworks, Inc.). The input into the LEMA  negative definite matrix. The rate by which the errors increase

program is a vector that contains the mixing times, a vector whent,, — « depends on the maximum eigenvali&,

of matrices that contains the normalized volumes at a givenj.e., on the topology of the system. It is convenient to assume

mixing time, a vector of matrices that contains the error for that the fastest process in the system is isolated, so eq 38

normalized volumes, and a diagonal matrix of populations can be applied to an isolated spin pdim NOESY spectra

at spin sites. To obtain the interproton distances, the of proteins, this is a good approximation, since the cross-

correlation time, the spectrometer frequency, and the externalg|axation between the geminal protons= 1.75 A) is

relaxation have to be provided as well. The matrices and 4nroximately 4 times faster than the cross-relaxation with

vectors have to be in Matlab format on a file, while the iha next nearest neighbar£ 2.2 A). It is easy to see from

_sr(;]alars are e_ntered as_parr?meters O.I'reCtE/ into the p_rog_rameqs 23 and 24 that the additional spins necessarily augment
€ output is a matrix that contains the magnetization the rate of error increase. Thus, the maximal mixing time

exchange rate constants, and a matrix with their uncerta'm'es'estimated from the isolated spin pair approximation sets the

Inherently, there_ are no restrictions in the matrix size pr_the upper limit for the multispin system as well. The maximum
number of matrices. However, the CPU speed and limited "~ " .

! ; . mixing time can be determined from
memory/disk capacity may restrict the performance of the
program. For example, on SGP@r seven 10x 10 spectral

. . . . . max +2|LMaX g, ,max
matrices, it takes less then 1 min for two iterations. AL ~ AaC "

A& (39)

max max
L™ 27,

PRACTICAL CONSIDERATIONS

by presetting the maximal allowablaL/L error. For
example, if we allowAL/L < 1/3, the maximal mixing time
@ can be estimated from

In the absence of experimental errors, any of FMA, BU,
or LEMA will provide the exact dynamic matrix from a set o
of 2D exchange spectra. The differences among the methodg™
become visible while applying them to experimental spectra
with finite errors. 1 i

Mixing Time Range. The most obvious restriction is that 3Aa 27,
the mixing times must be confined to a certain range, which
was not known beforehand. The limits are determined by \yhereAa is the volume integration error. Féa = 1% and
the fastest process that takes place in the system. The shortegtnax — 7 <1 the maximal mixing time is around 170 ms.
mixing time must be long enough to allow at least cross- Thus, for a system with.max =

) . 7 s the optimal mixing
peaks associated with the fastest process to emerge from thg,q range extends from 5 to 170 ms. Outside these limits

7 - : tthe error for the fastest process grows beyond acceptable
on mixing time as well, because the difference between theIimitS P 9 y P

cross-peak and diagonal peak volumes must be larger than - )
the integration error for all allowed mixing times. If these ~ EStimation of Peak Volume Errors. A good estimate of
volumes are equal within the existing errors, the equilibrium Peak volume errors is a principal prerequisite for error
has been reached, and the information about the rate byPropagation analysis. The standard approach requires repeti-
which it was established is lost. The existence of the mixing tion of the same experiment many times, and estimation of
time limit manifests itself as a sharp increase of error limits the volume errors by statistical analysis. Since the data
at extreme mixing times, Figure 1. From eq 24 we obtain acquisition and processing are time-consuming, this approach
is not practical in the case of 2D exchange spectra. Instead,
lim |ALS| ~ Aa/z,,— oo (35) the error estimates are extracted from a set of spectra
Tni—0 ) recorded at different mixing times. Since the experiments
are performed under variable conditions, the error estimation
Thus procedure has to be modified accordingly.

min max Exploiting the symmetry of 2D exchange spectra, the
Ty % Aa/ALij (36) average cross-peak volume is determined as the arithmetic

(40)
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mean of symmetric peak pairs Chart 1
_J_norm _ (1/2)(Aij + AJI) (41)
(1/n)ZAkk(0)

and an estimate of the cross-peak volume error is obtained
from the difference in volumes of the pairs

. W2IA = Ay
(L)Y A(0)

AAy (42)
Therefore, the general behavior of maximal volume error

. . . - may be formulated as
AA" reflects the quality of a spectrum at a given mixing y

time (e.g., signal-to-noise ratio, baseplane distortions, etc.);
thus, it is volume-independent.

The volume-dependent error may come from the volume L
integration routine (e.g., from the variable size and position yvhere the superscript indicates that the volumes are normal-

of the window), long-term instability of the temperature, :cze(ihto . volufme tOf ? single spn:[n. IT(;) ;)btam an %st|ma4t§
instrument, etc., and influences mostly the diagonal peaks. or the errors ot actual experimental data, we used eq 4o,

For the diagonal volumes a new procedure for error estima- for Monte Carlo simulations we fitted the error model eq 49

tion needs to be devised because the diagonals are uniquéO the experimental errors.
in a 2D spectrum. One possibility is to use the mixing time
evolution of total magnetization, expressed as a total

AAnorm =q _|_ ﬁAnorm (49)

CASE STUDY: CYCLO(-Pro-Gly)

integrated volumeA* We Iillustrate the presented method on a rigid 10-spin
system: cycla(-Pro-Gly) with known X-ray structuré& The
AF = A% Rm (43) protons were attached to the X-ray structure, and their
positions were optimized by energy minimization in Quanta
Equation 43 is based on the exact relatfon (Molecular Simulations, Inc.). At 233 K, the dipeptide is

apparently rigid and it most likely tumbles isotropically and
Zm = —Z[Riex+ (n, — DR *Im (44) has cross-relaxation rates up to 10,dike small proteins.
| [ Experimental Details. A series of 2D exchange spectra
(NOESY) of cyclo(-Pro-Gly) (Chart 1) in a 3:1 v/v mixture
that in diamagnetic system®;* = constant) and the spin  of H,0/DMSO has been recorded at 233 K on a Bruker

diffusion limit (Ri*"*° ~ 0) simplifies to AMX 500 spectrometer, with mixing times of 0.000 06, 0.01,
0.02, 0.03, 0.04, 0.08, 0.16, 0.32, 0.64, and 1.28 s. The
dYm=-R>m (45) spectral data were processed using the Felix 95 (MSI Inc.,
I

' San Diego, CA) software package. The peak volumes were

determined by direct integration. Because of the severe
spectral overlap between Prd®and Pro HiB, their peak
volumes were measured together and the respective com-

In general R* only approximates the sum of autorelaxation
and external relaxation rates, but in diamagnetic molecules

in the'spin diffusion regime it .represents the external ponent volumes were separated by the hybrid matrix ap-
relaxation rate common for all spins. - proach using the known crystal structure. % = 80 ms
_ The error of total volume at a given mixing tineA(zm) we also recorded the natural abundant¢{*C] HSQC-
is calculated as the deviation of total volume from the fitted NOESY spectrum in which all the peaks were resolved
model volume except Pro ¥ and Pro B, The relative peak volumes of
_ the newly resolved peaks agreed with the ratios predicted
AR (T,) = zAiinorm(TmQ - Ae (46) by the model. Figure 4a shows the cumulative plots of
H volume errors for all peaks and the best fit according to eq
43. Figure 4b shows the sum of volumes of all peaks at given
mixing times, and the best fit according to eq 49. We found
that the error can be represented as 2.4% of the current peak
volume 3 = 0.024) plus 0.5% of the diagonal (single spin)
line attm = 0 (o0 = 0.005).
Computer Simulations. To check and evaluate the three
) ) methods for cross-relaxation rate determination, we used the
Th(3i overall maximal error is the sun?l of the constant error \onte Carlo algorithm. The simulated data sets were
AA" and volume proportional errakA™ generated, adding a noise with experimentally deduced
vi oMMy « A5/ A parameters to the theoretical (model) volume values. For
AAij = AAij + Aij (AATIAT) (48) simulations we used only the first seven experimental mixing

It is then distributed among all peaks assuming constant
relative errors. Thus, the volume proportional erroh’?
becomes

AAijvp — Aij norm(AAZ/AE) (47)



618 J. Chem. Inf. Comput. Sci., Vol. 40, No. 3, 2000 ZOLNAI ET AL.

a oo03
AAnorm

0.02

0.01f.

Pro HYH" £AA

0 0.1 0.2 03

b 0|+ ProHvH? ALl ealEH .
oA prAL T pEAL, ,-,-

LEM =056+ 0.08 5"

‘axp

ij,"" =75103s" d
-6 \ ;iAﬂLjﬁﬁ‘ tALLEMA. 6
. . op

0 0.5 1 /s 18 Sh: S .

Tn/S S == T 8
) ) ) ] ) o Gly HezHe ¥ m%""'m
Figure 4. Experimental peak volume errors from direct integration -10 [ 10
of 10 2D spectra of cycla¢Pro-Gly): (a) Cumulative plot of all 0 0.1 0.2 0.3

volume errors and the best fit according to eq 40. The errors for TmlS

cross-peaks are taken from the difference between symmetricalgigyre 5. Experimental magnetization exchange rate constants and
partners. For diagonals, the errors are estimated from the plot ininair errors for selected spin pairs from cyckd?ro-Gly).
(b). See the text for details. (b) Total magnetization “volume” as a

function of mixing time and the least-squares fit according to eq : . . .
38b. The deviations of individual points from the smooth curve for selected spin pairs are shown in Table 1. Figure 5 shows

were used to calculate the volume proportional errors. See the textthe typical buildup curves and experimental volume integrals
for details. for two spin pairs. The experimental and simulated data sets

times, 0.000 06, 0.01, 0.02, 0.03, 0.04, 0.08, and 0.16 s were processed almost identically. The only difference is that

because for the longer ones the process of generating feasibl&he actual experimental errors were used instead of the fitted

volume matrices became extremely inefficient. At each
mixing time 1000 data sets (volume matrices) were generated DISCUSSION
using eq 2, and a white noise was added. The simulated data
were processed by LEMA (eqs 3B3), FMA att, = 80 For the sake of completeness of quantitative analysis we
ms mixing time (eq 17), and BU (by fitting eq 16). As a derived the basic equations of 2D exchange spectroscopy in
result, three sets containing 1000 dynamic matrices each werdgerms of arbitrary spin populations. Such an analysis has not
obtained. For the BU fitting of geminal proton pairs only been presented except in some special cds€8As eqs
the first five mixing times were used, because at mixing times 4—16 indicate, an exact quantitative analysis requires the
longer than 40 ms the BU curves exhibit maxima, rendering knowledge of spin populations even if they are typically in
the quadratic fit unsatisfactory. a range of +3. However, the inclusion of spin populations
Results. The mean values and the standard deviations of becomes increasingly important as the fractional deuteration
the model and simulated and calculated cross-relaxation ratesechniques become very popular for larger macromolecules.

Table 1. Comparison of Simulated and Experimental LEMA, BU, and FMA Magnetization Exchange Rates inLcadeGly) for Selected
Spin Pairs

(L+AL)¥Ys?
spin pair Linodes” 7 LEMAgin® BUsim FMA(7.= 0.08 S)im  LEMA BUexp FMA(7. = 0.08 S)xp

1 ProH®-ProH? 7.192+0.30 7.217+0.169 7.302t 0.644 7.228t 0.355 6.41H 0.179 8.25A 0.572 5.858+ 0.329
2 GlyH**—-GlyH®? 6.760+0.28 6.788+0.174 6.820t 0.591 6.78 0.302 7.52H 0.272 9.174+ 0.605 7.45H 0.467
3 GlyHN-GlyH®? 1.325+0.14 1.328+0.069 1.384+ 0.137 1.32% 0.122 1.528+ 0.106 1.599+ 0.111 1.523+ 0.185
4 ProH—ProH® 1.086+0.13 1.086+0.074 1.126+0.144 1.08H0.124 1.198+ 0.094 1.208t 0.104 1.199+ 0.168
5 ProH?—ProH?® 0.475+0.04 0.471£0.105 0.652:0.171 0.47G: 0.184 0.458+ 0.150 0.61A 0.097 0.456£ 0.267
6 ProH—ProH® 0.446+0.04 0.450+0.077 0.457:0.146 0.448t 0.129 0.557 0.084 0.556+ 0.095 0.542+ 0.149
7 ProH—GlyH*® 0.427+0.03 0.426+ 0.065 0.436+ 0.131 0.422+ 0.115 0.19H0.076 0.147A 0.090 0.216£ 0.136
8 ProH—ProH® 0.121+0.02 0.125:0.071 0.127:0.136 0.123+ 0.120 0.138£ 0.079 0.095+ 0.089 0.138£ 0.140
9 ProH-—GIlyHN  0.082+ 0.009 0.082t0.046 0.077 0.105 0.081 0.085 0.113£ 0.052 0.099+ 0.089 0.108£ 0.097
10 ProH—ProH? 0.065+ 0.008 0.064: 0.075 0.086+ 0.138 0.07+ 0.130 0.055+ 0.084 0.07Gt 0.090 0.04GE 0.148
11 ProH —GlyH*2 0.049+ 0.005 0.048t 0.065 0.063t 0.129 0.043£ 0.113 0.090t 0.076 0.004+ 0.088 0.06H 0.135

2 All errors areto (one standard deviation) Cross-relaxation rates from the X-ray structure optimized by the combined steepest descent and
adopted NewtorrRaphson method; the error limits were estimated as in ref &1, magnetization exchange rate constants from 1000 Monte
Carlo simulated spectral volume matrices at seven experimental values of mixing times. The volume integhsih basra Gaussian distribution
around the mean volumé, calculated from the model. The empirically found volume error is ugedo™ = 0.024A"°™ + 0.005.9 exp, from
experimental spectral volume matrices recorded at 0.000 06, 0.01, 0.02, 0.03, 0.04, 0.08, and 0.16 s mixing times. Individual volume errors are
calculated as described in the text.
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Figure 6. Failure of the full matrix analysis at longer mixing time.
Shown are the simulated buildup curves (full lines) for cyclo(
Pro-Gly) calculated from the known structure under the actual
experimental conditionst{ = 3.8 ns,wy/2r = 500 MHz). The
additional (dashed) curves were obtained by Monte Carlo simulation
att, = 0.32 s, allowing spectral peak volumes to vary randomly
within the empirically obtained error limits. The arrows at the right
of the curves represent the experimental estimate3af. Although

all curves atry, = 0.32 s approach the model values within the
error limits @20), the calculated magnetization exchange rates vary
greatly: (a) Gly H3/H®Z; (b) Gly HN/H*2; (c) Pro HYH#3; (d) Pro
Hr2/H%3, The numbers in the plots represent the model value of
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the exponential terms are weighted by corresponding eigen-
vector components, predicting which magnetization exchange
rate constant fails first is not easy. However, it is reasonable
to expect that the large&tvalues have the largest weights
for A& (eq 22) and, therefore, at longer mixing times the
largest errors. The errors of othkervalues are difficult to
predict since the weights df® are not known beforehand.

A general rule is that the largektvalues fail first and that
the smallei. values can still be accurate if they are remote
from the fast ones. For the example presented in Figure 6,
the principal source of error is the equality of cross-peaks
and diagonal peaks within the experimental error for geminal
pairs (only Gly H¥/H*? is shown in Figure 6a). The equality

of volumes inside the error limits implies that the equilibrium
has been reached, and the information about the rate of the
approach toward the equilibrium is lost. An erronebusr

any geminal pair necessarily distotltvalues for other spin
pairs. The total effect is that the errors for processes that
involve geminal protons become excessively large, perturbing
the other proximal processes. However, the remote exchange
processes may still have reasonably small errors.

The general dependence Af. on the mixing time and
exchange rate constant itself is illustrated in Figure 1. It
shows the buildup curves amdl. values for two spin pairs
from cyclo-Pro-Gly) (Gly HS/H®<2, Lmodel = 6,76 s'1; Pro
Ho/Hr3, Lmodel = 0,446 s1). The error of the faster process
increases much faster then the error of the slower process.
Also, it is important to note that even for volume errors equal
and constant through the mixing time rangé, depends on

cross-relaxation rate constants and the extreme cross-relaxation rated1€ mixing time and oi.. This dependence is quantitatively

found in the simulations.

There, due to spin dilution, the proton populations can easily
vary beyond an order of magnitude. The extension of

expressed by eq 24. In the general case eq 24 is not obvious,
but its properties can easily be understood when reduced to
the isolated spin pait

It is important to note that each; has its own mixing

guantitative analysis to isotope-diluted systems is not straight-time at whichAL; is minimal. This implies that instead from

forward, but it is based on the equations derived Rere.
It is important to consider the limited applicability of FMA

a single FMA, betteL;; values can be obtained from a series
of FMAs at mixing times where the individual errors are

outside a certain range of mixing times because the origin minimal. Such an approach, although it would yield better
of such a limitation is not obvious. An example when the L; values, is inefficient, since all tHg values acquired aside
FMA fails at even moderately long mixing times is illustrated from the error minimum would be ignored. It is much better
in Figure 6. The buildup curves shownmt= 0.32 s have  to use all availablé;; values calculated at different mixing
the same volumes as the model volumes (full lines) within times and to average them according to the rules of
the limits of the estimated experimental errors (indicated by superposition of errors. This is expressed by eq 30 that
arrows); however, they correspond to different dynamic averages thé& values calculated at different mixing times.
matrices of cycla(-Pro-Gly). The numbers in the drawing Their errorse, are combined by eq 31. However, since neither
show the model values and the extremes found for eachtheL’s nor their errors are measured directly, it is necessary
magnetization exchange rate constant. For example, theto consider the conditions under which eqs 30 and 31 are
relative errors of cross-peaks and diagonal peaks of Gl H  valid.

H*? (Figure 6a) are 5% whereas the relative error of the  Equations 30 and 31 yield the maximum likelihood values
cross-relaxation rate constant is 62pA{' = 6.8 s°1; LM only if the logarithmic transformatidf preserves the Gauss-
= 11 sY). Similarly, for Pro H?/H?, the input volume error  ian character of the distribution, which needs to be tested
AA/A s 6% (for diagonal) and 9.5% (for cross-peak volume), independently. We carried that out by testing the distributions
but the error in the cross-relaxation rate constahtL is generated by 1000 Monte Carlo simulations of FMA at seven
larger than 113%l("%!= 0.47 st andL™> = 1.0 s'). On mixing times. Figure 2a shows the buildup curve (full line)
the other hand, in spite large errors for somealues, other  and the empirical error limits (dashed lines) for Gly*H

L values may be quite accurate. Such an example is presenteti®?. The three histograms show the distribution of input

in Figure 6¢c where for Pro HH AA/A of 4.2% for
diagonals and 9.3% for cross-peaks propagates Aith
of 12% (mdel = 1.09 st and L™ = 0.96 s?). The
nonuniform propagation of errors can be explained by egs
23 and 24. At longer mixing times the errors are dominated
by the maximal eigenvalue term exp@™®|tm)/tm. Since

volumes around the model values in 1000 Monte Carlo
simulations. The transformation of model volume matrices,
according to eq 17, gives the constarfor all mixing times

(full line, Figure 2b). Similarly, eq 23 transforms the volume
errors (dashed lines in Figure 2a) into magnetization
exchange rate constant errors (dashed lines in Figure 2b).
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The transformation of 1000 Monte Carlo volume matrixes APPENDIX. EIGENSYSTEM OF QUAS+SYMMETRIC

generates 1000 magnetization exchange rate constants around MATRICES
the mo_deI value. Their distribution needs to be tested for | ot pe a quasi-symmetric matrix, i.e.
normality.
All distributions of both the volume and magnetization LN =NL' (A-1)

exchange rate constants were subjected to a normality test

using probability plot§* The insets in Figure 2 show two whereN is a positive (or negative) definitive diagonal matrix.
probability plots which, if close to straight, confirm the  Letw; andw; be the left eigenvectors df, such that
Gaussian character of the distribution. Since the Monte Carlo T

simulations used Gaussian distribution to generate the volume L v =4y,

errors, the volume probability plots are straight, like the one T

shown in Figure 2a. All the magnetization exchange rate Ly =4,
constant distributions except one were also Gaussian. The

only exception, shown in Figure 2b, occurs at the longest Then

mixing time, where the errors are the largest. Even then, the T

deviation from Gaussian distribution rises only for the L vy, il = A0, vl
extreme errors. This indicates that the linearization of the 3 LTV'@ 10 Vi
error minimization problem by eq 17 only negligibly distorts I i 1=
the normal distributions. Hence, thevalues and\L values
obtained by eqgs 30 and 31, for all practical purposes, may
be considered as the maximum-likelihood values.

Although egs 30 and 31 can be derived as the statistical

averages of a number of measurements of paramgter  defines an inner product. From egs A-3, by subtraction
with errorSei‘}Aa, we prefer to consider them as the least- _

squares error fit of eq 2 linearized by eq 17. Because eq 17 (A — A, v =0 (A-5)
represents FMA, the whole least-squares procedure can be

considered as a least error matrix analysis. Then it can belf i = j, from eq A-5 it follows that

conveniently related to BU and FMA analysis as is sche- _

matically indicated in Figure 3. LEMA is a generalization A=A (A-6)
of BU and FMA since, like BU, it takes into account the

mixing time evolution of peak volumes and, like FMA, it or Z; is real. _
keeps track of peak volume interdependence. From eq A-5 one can see that the left eigenvectors
corresponding to two different eigenvalues Brerthogonal,

(A-2)

(A-3)

where

X,y = X' Ny (A-4)

The LEMA error limits are smaller than the limits in either
BU or FMA because LEMA combines all the available
information in a least-squares manner. This is confirmed in @, v =0 for i=]j (A-7)
a series of simulations presented in Table 1 where the LEMA v
errors are approximately half the errors of either BU or FMA. | ; is an eigenvalue of multiplicitym, then there aren

Even such a modest improvement in accuracy may be veryjinearly independent eigenvectors with this eigenvalue (we
important in the determination of low magnetization ex- ajways suppose that our matrices are semisimple). Using the

change rate constanfsFor example, for Pro #-Gly HY Gram-Schmidt process, it is possible to determine a set of
in BU and FMA, the relative errors are larger than 100% |inearly independent vectors within givem-dimensional

andL cannot be determined. However, in LEMA the error Subspace that arN_orthogonaj and also span the same
is about 50% and. is determined as 0.0& 0.04 s*. subspace.

The relationship between the LEMA and the FMA errors It is easy toN-normalize a set oN-orthogonal eigenvec-
can be grasped from Figure 5b. Whereas the FMA error tors. Hence, we can say that the left eigenvectors of a quasi-
depends on the mixing time, the LEMA error is constant. symmetric matrixL are N-orthonormal, i.e.

As a compound error of all FMA errors (eq 31), the LEMA

error is always smaller than the smallest FMA error. Figure [, ij\l = 5ij (A-8)

5b also shows the importance of performing experiments at

different mixing times. Because LEMA attributes the highest ©f

weight to thel values with minimal error (eq 31), the LEMA -

error for eachL;j is always smaller than the minimal FMA VNV =1 (A-9)

error under given experimental conditions. In other words
LEMA guarantees that with a uniform spread of mixing times
eachL; has an error smaller than the minimal possible error
of a single FMA at the optimal mixing time.

We believe that the reduction of error limits offered by The columns ofU are the right eigenvectors, while the
LEMA increases the applicability of 2D exchange spectros- columns ofV are the left eigenvectors of the matrix
copy, enabling a reliable quantitative interpretation of the Equation A-9 shows that the left and right eigenvectors are
spectra. biorthogonal.

" From eq A-9, it follows that

(vHt=Nv=U (A-10)
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The diagonalization transformation for quasi-symmetric
matrix L is

VIL(VH)-1=V'LU =VTLNV = A (A-11)
where

A = diag{ Ay, Ay ..o A

This case of diagonalization, eq A-11, is simpler than the
general case, because it is easier to calculst® ¢,
particularly whenN is a diagonal matrix.

Using the left and right eigenvectors, the matrixan be
expressed as

L = UAV' =NVAV' (A-12)

or
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