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Abstract

We review the Yoneda lemma for bicategories and its connection to 2-descent and
some universal constructions.

1 The 2-category of 2-presheaves

Definition 1.1. Let B be a bicategory. A 2-presheaf P on a bicategory B is a homomor-
phism of bicategories P: B? — Cat.

Let P: B°? — Cat be the 2-presheaf. It takes an object B € Ob(B) to the category
P(B), a 1-morphism f: A — B to the functor P(f): P(B) — P(A), and any 2-morphism
Y: f — g to the natural transformation P(¢): P(f) — P(g). We also have natural trans-
formations jig p: P(f) o P(g9) — P(go f) and na: ipay — P(ia), which satisfy following
coherence laws

(P(f) o P(g)) o P(h) 221 p(go f) o P(h) —22C P(ho (g0 f))

Plan,g,r)

P(f) @ (Plg) 0 P(h)) 5 P(f) 0 Pllio g) — P((hog) o f)
P(f)o Plip) —2> P(ip o f) P(ia) o P(f) —"2 = P(f o)

P(f)ons P(Ay) naoP(f) P(ps)
P(f) P(f) P(f) P(f)



Definition 1.2. Let P, R: B°? — Cat be two 2-presheaves on B. A (left) pseudo natural
transformation o: P = R consists of the functors o4: P(A) — R(A) for each object A € B
and is given by the square

P(B) ——"—— R(B)
P(f) Yo, R(f)
P(A) o R(A)

which represents a natural transformation oy: R(f)oop = oa0 P(f) for any 1-morphism
f+ A — B in B. These natural transformations satisfy the coherence law given by the
diagram

P(B)
P(g) P(f)
Pf
P 2 P(A
() raor; DA
oB i
v W
gc R(B) oA
R(g) R(f)
Yug.s
R(©) R(gof) R(4)
which becomes a commutative diagram
R(f)oo
R(f)o R(g)ooc > R(f)oopoPg)
“glfo"cl
R(go f)ooc a70P(g)
UgOfl
oa0P(gof) o oao P(f)o P(g)
00, a.f



for any composable pair A NN B—1-( of 1-morphisms in B. The second coherence
is given by the commutative diagram

JA

nfooa oaon’

R(ig)ooa oao P(ia)

of natural transformations.

Definition 1.3. A modification I': 0 — 7 consists of the natural transformation's: 04 —
TA for each object A in B such that the following diagram

/’f\
PB e R
\_/
P(f) R()
2
P(A) It R(A)
\_/

commutes. This means that the above diagram becomes a commutative diagram

R(f)oop —IE _ R(f)orp
of Tf
040 P(f) — 5T P(f)

of 2-morphisms in B.



Proposition 1.1. Let B be a bicategory. Then 2-preshevaes are the objects of the 2-
category P := Hompicqt(B°P, Cat) in which 1-morphisms are pseudo natural transforma-
tion and 2-morphisms are modifications.

Proof. For any two pseudo natural transformations P == R :£> S the composition is
defined by ({o00)a:=&8a004 and ({00)f:= (§a00f)(§s 0 op) which is just the pasting

éB

P(B) —""— R(B) S(B)
Pf) Loy R Z¢ |50
P(A) —5 > R(A) ——= S(4)

composite of the above diagram. That this is well defined composition we deduce from the
pasting composite

P(B)
P(f) MPf P(Q)
g,
P(C) 70 W)P(A)
O.fﬂ B \O'g
oc R(B) oA
R(f) ik R(g)
9,
R(C)ié m) ( )
RN R
3¢} S(B) §a
S(f) WW)
9,
S(C) S(gof) 5(4)

which gives a coherence for a pseudo natural transformation. This composition is asso-

ciative since for any three pseudo natural transformations P =2= R £ S ==T we

have the associativity

[(wo)oola = (wo&)goos = (waos)oog =wg0(§a004) =wgo(oo)s =[wo(£o0r)]a



for components indexed by the object B in B, and

[(wo&)oolf=[(wob)aocoy][(wo&)foop]=[(waola)o Uf][[((WA o&s)(wgolp))oop] =

= [(wao&a)ooy][(waoly)oop]l(wroép)oop]=[wac(§acaf)lwac(§oop)llwso(€poop)] =

=[(wao(§aoayp)(§roop)ll(wro(lpoop))] =[waoc(§oa)fllwso(oo)p]=[wo({oo)]y

for components indexed by the morphism f: A — B in B.

The vertical composition for any two modifications o =L =L 7 is defined simply
by (IIT") 4 := T AT 4. The horizontal composition for any two modifications

7B ¢B
P(f) R(f) S(f)
Y 2
~ A ~ ~ & ~
s N\




gives the coherence diagram for the composite modification QoI': Eoo — (o T.

(oo)B

(CoT)a
The commutativity of the above diagram is deduced from the commutative diagram

S(f)o(€pol'R) S(f)o(2poTr)

S(f)o(lpoop) ———=S(f)o({poTh) S(f)o(CpoTn)

XS(f).ép.op XS(f).ép:TB XS(f).{B:TB

(S(f) o €p) 0 op L (G 8y o gp) o0 g SETE g8y 6 Cp) 0 mp

§foop £poTB CfoTB

EaoR(f))ol QaoR(f))oT,
(EaoR(f))ol's (€ao R(f)) o 7p (Q40R(f))oTn (Cao R(f)) 075

(aoR(f))ooB

Q¢ 4,R(f)opB Q¢ 4,R(f),TB XA R(f),mB
£ao(R(f)oT'p) Qao(R(f)oTr)
€a0 (R(f) 0 op) ————">Ex0 (R(f) o 75) ————">Cao (R(f) o )
ngJf £AOTf CAOTf

€a0(T40P(f)) a0 (a0 P(f)) Qao(taoP(f)

§a0(oaoP(f)) ) Cao(tao P(f)

—1 —1 —1
Ye4,04,P(f) Qe qm 4, P(f) Y aTAP()

(Eacoa)oP(f) (EaoTa) o P(f) (CaoTa)o P(f)

(6aol 4)oP(f) (Qa074)oP(f)

where the first square in the second row and the second square in the the fourth row
commute because they define horizontal compositions {yoI'g and 407y, respectively. The
commutativity of the second square in the second row and the first square in the fourth
row follows from the coherence for modifications ©2: £ — ¢ and I': ¢ — 7, respectively



and squares in the first, third and fifth row are associativity coherence. But the pasting
composition of the top and front faces of the coherence for the modification Q2 oI is equal
to the composition of the top and right edges of the above diagram, and the pasting
composition of the back and bottom faces of the coherence is equal to the composition of
the left and bottom edges of the diagram.

The associativity and identities for horizontal composition follows immediately from
the associativity of horizontal composition of natural transformations in Cat. Also, for any
diagram of modifications

g €
SN T e\

we have Godement interchange law
(AoI)(QoT') = (AQ) o (IIT)

since it holds for natural transformations and the composition were defined componentwise.
O



2 The Yoneda embedding

We will now take a more closer look to the representable 2-presheaves. Each object C' in
B gives rise to the 2-presheaf Vo : B’ — Cat on B, defined by Yo (B) := B(B, C), for each
object B in B, and for any two objects A, B € B° by the functor

YAB. B(A, B) — Cat(Vo(B), Yo (A)),

for which we will usually omit indexing objects in the superscript. The value of this functor
at any object f € B(A, B) is a functor Yo(f): Yo (B) — Yo (A) defined by

Yo(f)g) =gof, Vo(f)(@):=vof
for any 1-morphism g € B(B,(C) and any 2-morphism ¢ € B(B,C). The value of the

functor yé’B: B(A, B) — Cat(Y“(B),Y°(A)) for any 2-morphism ¢: f — f (viewed as a
morphism of the category B(A, B)), is the natural transformation

Vo(¢): Ye(f) — Ye(f')

as in the diagram

Yo(F)g) — 22+ Yo (£(9)
Yo (f)(v) lydf/)(y)
YelPe) 55 YelF)(a)

for any 2-morphism v: g — ¢’ in B(B, C), whose component for any object g € B(B, () is
defined by Yo (¢)4 := g o ¢. The commutativity of the diagram is assured by the definition
of the horizontal composition of 2-morphisms and the Godement interchange law

(g o@)(vof)=vop=(wof)(gog).

Proposition 2.1. Let C' be an object of the bicategory B. Then the above construction
defines a 2-presheaf Yo : B? — Cat.

Proof. The components of the natural transformation pg ¢: Yo (f) 0 Ye(g) — Ye(g o f)
are given by pg ¢(h) :=apgr: (Vo (f) o Ve(g))(h) — Ve(go f)(h) and the diagram for an



associativity coherence

((koh)og)o f ———((koh)og)o f
(koh)e(gof) (ko(hog)o s
ak,h,gofl iak,hogyf
ko (ho(go ) ~pm——Hho((hog)o f)

becomes the commutative diagram

(Ve (f) e Valg)) e Ve (h)) (k)

Ve (f) o (Velg) o Ye(h))) (k)

Mg,f(yc(h)(k))l lyc(f)(ﬂh,g(k))
Yelgo £) o Ve (h)(k) YVelf) o Yelhog)) (k)
.U‘h,gof(k)l lﬂhog,f(k)
Ye(ho(go £))(k) Ye((hog)o f)(k)

Ve (an,g,£)(k)

and since the last diagram is commutative for any morphism k: D — FE (viewed as an
object of the category B(D, F)), we obtain the coherence diagram

(Ye(f)oVe(g) o Yo(h) =———=Vc(f) o Vc(g) o Vc(h))
Mg,foyc(h)l J{yc(f)ouh,g
Ye(go f)oYe(h) Yo (f)eVe(hog)
uh,gofl luhog,f
Ye(ho(go f)) Yooy Ye((hog)of)

for the horizontal composition. The coherence for units follows also from the left and right
identity coherence. The components of the identity natural transformation ng: Iy, (p) —
Ye(ip) are defined for each morphism g: B — C' (again seen as an object of B(B,(C)) by
Ng = pg_l: g — goipg. For any pair of 1-morphisms f: A — B and g: B — C the deformed
triangle diagram for identity coherence

. Qgip,f .
(goip)of—"E"=go(igof)

pgof goXs

gof gof




becomes a commutative diagram

Kig,f(9)

YVo(f) o Velin))(9) Ye(ip o f)(9)
Ye(Dies) Ye(As)(9)
Ve (f) o Iye))(9) === Yc(f)(9)

and since the last diagram is commutative for any morphism g: B — C (viewed as an
object of the category B(B,(C')), we obtain the coherence diagram

.u‘iB7f

Ye(f)oVeoli) Ye(ipo f)
Yc(f)ons Yo (Ar)
Ve (f) o Iy, =—=Vc(f)

O]

For any 1-morphism h: C — D in B, there is a pseudo natural transformation of
corresponding 2-presheaves

Y(h): Yo — Vb

whose component for any object B € Ob(B) is a functor Y(h)p: B(B,C) — B(B,D)
defined by
y(h)B(g) :=hoy, y(h)B(V) :=hov

for any 1-morphism g: B — C, and any 2-morphism v: g — ¢’ (viewed as an object and a
morphism in B(B, C), respectively). The component of the pseudo natural transformation
is given by the diagram

Ve(B) 2%y ()
yC(f) /J/(h)f yD(f)
Yc(A) T Yp(A)

10



for any 1-morphism f: A — B. It is a natural transformation whose components are
defined by the associativity isomorphism as Y(h)¢(g) := apg : (hog)of — ho(go f).
Again, the associativity coherence gives a coherence for a pseudo natural transformation.

Also for any 2-morphism (3: h = h' we have a modification Y(3): Y(h) — V()
whose component indexed by the object B in B is given by the natural transformation
Y(B)p: Y(h)p — Y(I')p defined by Y(3)p := fog for any 1-morphism g: B — C (viewed
as the object in B(B,(C)).

Proposition 2.2. The above construction gives rise to the homomorphism
Y: B — CatB”

from the bicategory B to the 2-category P = CatB” of 2-presheaves which we call Yoneda
embedding.

Proof. The above homomorphism sent an object C' in B to the representable 2-presheaf V¢,
and any l-morphism h: C' — D to the pseudo natural transformation Y(h): Yo — Vp.

For any composable pair of 1-morphisms —" . p—"+ E in B we define a modification
pin: Y(k)oY(h) — Y(koh) whose component (pp), indexed by the object g € Yo (B)
is given by the associativity isomorphism ozl;}%g: ko (hog) — (koh)og. The coherence
for the associativity in B

HxIdg,
84 83
Idg, x HxIdg, a¥dg, HxIdg,
Idg, xH
2 Bs HxIdg, B,
y IdBl xH
[atg X
1 4,
HxIdg,
[)’3 BQ H
2,
Idg, xH
H
Idg, xH
4,
BQ Bl

11



is the equality
Ok, h,gof Qkoh,g,f = (K © Qhg, £) Otk hog, £ Otk hog, £

of natural transformations indexed by composable quadruple of 1-morphisms in B. For fixed
choice of 1-morphisms f, h, k the above cube becomes a coherence for the modification py, p,

Ve (B)

Y(h)p (Nk,yB

Ye(f) Yp(B) 0 Ye(B)
Zy )y 2y (koh) s
Vo(4) Vo) Ay, Yu(f)
\\\\\\g@mA
Y(h)a s T
Vp(A) = Vs(A)

in which the back and right face of the cube became the back face of the prism. The
component of the modification n¢: Iy, — Y(ic) indexed by the object B in B is the
natural transformation (nc)p: (Iy.)p — (Y(ic))B, whose component indexed by the 1-
morphism ¢g: B — C' (seen as an object of the category Yo (B)) is defined by (n¢)s(g) :=
)\9_1 : g — ic og. The commutative diagram

Agof .
gof<—"—/{icog)of

Yi,g,f

gof?ico(gof)
go

12



obtained from the coherence for left and right identities, becomes a diagram

Yo (f)o(ne)s(g)

Ve (f) o (Iye)B)(9) Vo (f) o Vlic)B)(9)

Iy )r Y(Gc)f)g

((Iyc)aoYe(f))(9) (V(ic)aoYe(f))(g)-

(nc)ao(Iys)s(9)

Since the above diagram is commutative for any 1-morphism g: B — C (seen as an object
of the category Yo (B)) it gives a coherence

Vo(f) o (Iy,) g 20l

Ye(f) o V(ic)B
ye)f Y(ic)s

(Iye)a o Ye(f) Y(ic)aoYe(f)

(nc)aolyy) s

for the modification nc: Iy, — Y(ic). O

13



3 Bicategorical Yoneda lemma

An object of the category Homp(Yc, P) is a pseudo natural transformation v: Yo — P
which consists of a family of functors yg: Yo (B) — P(B), indexed by objects B € B, and
of a natural transformations

Yo(f) 2, P(f)

Ye(A) P(A)

YA

for each morphism f: A — B in B, such that the coherence diagram

P(f) o P(g) 070 —22 P(£) 0 5 0 Vo(g)
ny rove

P(go f)onc v5oVa(g)
Ygof

vaeYo(go f) <——-va0Vo(f) o Ve(g)
YAOH, %

for any composable pair A L B—Y~(C of 1-morphisms in B, commutes. Any modi-
fication I': v — ¢ consists of the family of natural transformations I'g: vg — dp indexed
by the objects B € B.

For any 2-presheaf P: B’ — Cat, we will define a new 2-presheaf SP: B? — Cat
by SP(C) := P(Ye, P) for any object C' € B, and for any two objects C, D € B we
have a functor SPc p: B(C,D) — [SP(D),SP(C)], which takes a morphism h: C' — D
to the functor SP(h) := P(Y(h),P): SP(D) — SP(C), (where we omitted subscripts
for convenience) defined by SP(h)(¢) := ¢ o Y(h) and SP(h)(Q2) := Qo Y(h) for any
pseudo natural transformation ¢: Vp — P and any modification 2: ¢ — 1), seen as
an object and morphism of the category P()p, P), respectively. Moreover, the functor
SPcp: B(C,D) — [SP(D),SP(C)] takes a 2-morphism $: h — h' to a natural transfor-
mation SP(3): SP(h) — SP(h'), whose component at the object ¢ € SP(D) is given by
SP(B)(6) = 60 Y(B): SP(h)(@) — SP()(®).

14



Proposition 3.1. For any 2-presheaf P: B°? — Cat, the above construction defines a new
2-presheaf SP: B°? — Cat.

Proof. The component of the natural transformation ui];: SP(g) o SP(h) — SP(hog)

indexed by the pseudo natural transformation ¢: Yp — P is the modification M}i]gD (¢) from
the pseudo natural transformation

[SP(g) o SP(h)](¢) = SP(g)(¢ 0 V() = (¢ o V(h)) o V(9) = ¢ (Y(h) o V(9)): Y5 — P
to the pseudo natural transformation
SP(hog)(¢)=¢oY(hog): Yp — P

in SP(B). Its component indexed by the object A in B is a natural transformation
,u‘,i]gj(gb)A 2 po(V(h)oY(g))]a — [¢po(Y(hog))|a whose component indexed by 1-morphism
f: A — B (seen as an object of the category Vp(A)) is given by uff;(gb),q(f) = qZ)A(oz};;’f).
The corresponding coherence condition

oSP(k o
(SP(g) 0 SP(h)) 0 SP(k) 2" sp(h o g) o SP(k) — 5" SP(k o (hog))
’SP(C“k,h,g)
Sp(g) (e} (SP(h) (o] SP(k)) WSP(Q) [e) SP(]{? (@] h) lihoh.g SP((k (o) h) (e} g)

evaluated by the pseudo natural transformation e: Yg — P is the diagram of modifications

(co ()) o (V(h) o Y(9)) 22O (o Y(k)) 0 V(ho g) ")+ c o Y(ho (hog))
e (o, h,g)
o (V(B) o V) 0 M(g) e (c0 V(o b)) o Vlg) ——— = coY((kah) og)

which becomes an image by the functor e4: Yg(A) — P(A)

-1 -1
ealkoay o () €Al hog, 1)
—_—

ealkolho(go f)]) ————=cea(ko[(hog)o []) ea([ko(hog)lof)

ea(ar,n,gof)

ea(kolho(go f)l) ——=——=eal(lkohlolgo f]) ————>ea([(koh)og]of)

-1
calay h,gor) calyong,f)

15



of the pentagonal coherence for associativity when evaluated for any morphism f: A — B.

The natural transformation n¢: Isp(cy — SP(ic) indexed by the pseudo natural trans-
formation v: Yo — P is given by the modification no(y): v — voY(ic), whose component
indexed by the object B in B is a natural transformation no(v)p: v — v o Y(ic)p. Its
component indexed by the l-morphism g: B — C' (seen as an object of the category
Yc(B)) is given by the morphism 1o (v)5(9) :=v8(Ag): vB(ic ©g) — vB(9) in P(B). Two
coherence conditions for natural transformation nc: Ispcy — SP(ic)

SP(g) 0 SP(ic) 2<% SP(ic o g) SP(ig) o SP(g) 222 SP(g 0 i)
SP(g)onc SP(Ag) nBoSP(g) SP(pg)
SP(9) =————=SP(y) SP(9) =————=SP(y)

are satisfied since when evaluated for pseudo natural transformation v: Yo — P, we have

i ('V . Mg, (’Y)
(vo Y(ic)) o ¥(g) <%y 0 V(ic o g) (Yo Y(g)) o V(ip)E=y oY (goip)
nc(v)oY (9) 70V (Ag) nB(voY(9)) 7Y (pg)
yoY(g9) =——=70°Y(9) SP(9) =———=SP(y)

and this two diagrams for any 1-morphism f: A — B give the image by the functor
Ya: Ye(A) — P(A)

. VA(CVZ'_C}’g,f) . . VA(O‘Z*_C},QJ) .
valico(go f)) —=7a((icog)o f) va(ge (ipo f)) —=7al(geip) o f)
a0 va(Agof) va(gor; ) va(pgof)

va(go f) =——=1algo f) va(go f) =——=1algo f)
of two coherence diagrams for left and right identities. O

16



This allows us to state the categorification of the Yoneda lemma.

Theorem 3.1. (Bicategorical Yoneda lemma) There is an equivalence
0: SP— P
in P, (which is just a pseudo natural equivalence 0: P(Y, P) — P between 2-presheaves).

Proof. The component of the pseudo natural transformation 6 indexed by an object C' € B
is a functor O¢: P(YVc, P) — P(C), defined by 0c () := yc(idc) for any pseudo natural
transformation v: Yo — P, and 0c(T) := T'e(ide): vo(ide) = dc(ide) for any modifi-
cation I': v — ¢ in P(Yc, P). This 2-morphism in P(C) is just a component indexed by
the object ide € Yo(C) of the natural transformation I'c: 7¢ — ¢, which is in turn
component of the modification I': v — 9§, indexed by the object C' € B. For any morphism
h: C — D, the natural transformation 0 : P(h) o 0p — 0c o SP(h), given by the square

SP(D) —" . p(D)
SP(h) %, P(h)

SP(C)

= P(O)
has the morphism 6,,(¢): (P(h) 0o 0p)(¢) — (0c o SP(h))(¢) in the category P(C) as the
component indexed by the object ¢: Yp — P of the category SP(D). This morphism is
defined by the composition

PO (@(idn)) 2 scidp o h) 2 60 (0T g0 (h o ide)

where the morphism ¢, (idp): P(h)(¢p(idp)) — ¢c(idp o h) is defined by the component
of

Yp(D) oo P(D)
Yp(h) %h P(h)
Yp(C) — P(C)

given by ¢p,(idp): (P(h) o ¢p)(idp) — (éc o Yp(h))(idp), which is just the morphism
¢n(idp): P(h)(¢p(idp)) — ¢c(idp o h) in P(C).

17



To show that this really defines a pseudo natural transformation 6: SP — P, we need

to check that the coherence diagram

P(f) o P(g) PO P(f) 005 0 SP(g)
ujfob’cl
P(go f)obc 07oSP(g)
|
f40SP(go f) 040SP(f)oSP(g)

GAO“mf

for any composable pair A N B—1~(C of 1-morphisms in B, commutes. But for any

pseudo natural transformation v: Yo — P, we obtain the diagram

<P< <g 0 0c)(7) L2 (p(£)6 .05 0 SP(g)) ()

Ly, fOQC

(P( )09c (7) (070SP(9))(7)

(990f

(640890 1)) <z (040 SP() 0 SP9) ()

and this diagram transforms into the diagram

(P() 0 P(g) o 1) ide§ 0B ) o 4 e 0 332720 1) 0 i) (95224 B ) 0 45 (g 0 i)

uh ¢ (ve (ide)) v (goidp)
(P(g o f)orc)(ide) va((g0idp) o f)
Ygo s (tdc) ya(Qgidg,f)
va(idc o (go f)) va(g o (idp o f))
ya(Agor) ¥a(goAy)
Ya(go f) —————>=7a((go f)oida) <——7a(go (f oida)) m Ya(go f)

—1
Ya(Pgor) YA Fid ,

whose bottom edge is the identity. This enable us to put it in the form of the diagram

18



. (P()ovg)(ide) . (P(£)ovs)(Ag)

(P(f) o P(g) o ve)(ide) =L (P(f) o yp)(ide o g) ——— 222> (P(f) o v5)(9)
uf;f(vc(idc))l iw(idcog) i(P(f)OVB)(pgl)
(P(go f)orc)(ide) ya((idc o g) o f) (P(f)ovB)(goidp)

A ya(®idg,g,1) )
Ygor (idc) va(Agof) ~v5(goidp)

Ya(idc o (go f))

va((g 0 idp) o f)

ya(go f)

YA ()\gof) ’YA(PgOf)

and this diagram commutes since the pentagon is the coherence

(P(f) o P(g) 0 70)(ide) LMY (p(£) 0 ) (ides 0 )
(uf:fovc)(idc)i
(P(go f)onc)(ide) v (idcog)
('Ygof)(idC)i

Ya(idc o (go f)) va(idc o g) o f)

WA(aidC,g,f)
for the pseudo natural transformation v: Yo — P, evaluated by the object idc in Yo (C).
The commutativity of the triangle is the consequence of the triangle coherence for left
and right identities and the hexagon is the deformed square expressing the naturality of
Yr: P(f) oy = a0 Ve(f) for the 2-morphism p, 1 o Ay idc o g = g oidp. O

The assertion of the theorem means that each component functor c: SP — P(C)
of the pseudo natural transformation is an equivalence and that each component natural
transformation 6: P(h) o 0p = 0¢c o SP(h) is a natural isomorphism. In order to prove
this, we will use the following result.

Lemma 3.1. There exist a pseudo natural transformation w: P — SP in P, which is a
weak inverse to §: SP — P.

Proof. The component of the pseudo natural transformation w: P — SP indexed by the
object D € B, is the functor wp: P(D) — SP(D), which sends any object Z € P(D) to the
pseudo natural transformation w%: Yp — P, whose component (w%)c: Yp(C) — P(C)
indexed by the object C' € B, is a functor which sends any 1-morphism h: C — D (viewed
as an object of the category B(C, D)), to the object (w%)c(h) := P(h)(Z) in the cate-
gory P(C), and which sends any 2-morphism e: h — h’ (viewed as a morphism of the
category B(C, D)), to a morphism (w%)c(e) := P(e)z: P(h)(Z) — P(h')(Z) in P(C),
which is just the component indexed by the object Z € P(D) of the natural transfor-
mation P(e): P(h) — P(h') between the two functors P(h), P(h'): P(D) — P(C). The
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component of the pseudo natural transformation wlZ): Yp — P indexed by the morphism
g: B — C in B, is the natural transformation given by the diagram

(@Z)
Vp(C) —2Z P(C)
yD(g) /(wg)g P(g)
B P(B
Yp(B) Do (B)

whose component indexed by the 1-morphism h: C — D (viewed as an object of the
category B(C, D)), is the morphism (w%),(h): (P(g) o (w8)c)(h) — ((wh)soYp(g))(h) in
the category P(B), defined by (w%),(h) := (pig)zz (P(g)o P(h))(Z) — P(hog)(Z). For

any composable pair A I B—2>(C of 1-morphisms in B, the coherence diagram for
the pseudo natural transformation wg: Yp— P

P(f) o Pg) o (@B)e — B2 p(f) o (wh) s 0 Vo)
m;,fowg)cl

P(go f)o (wh)c (W%)ro¥p(9)
(wg)gofl

(wh)aoYp(go f) 55~ WBh)aoVp(f) o Vnlg)

(Wg)Aoﬂg’f
evaluated by the morphism h: C'— D in B, gives a diagram

(P(f) 0 P(g) o wB)e) (W) DD (b 1) 0 (0F) 5 0 Vo (9)) (1)

(u;;fo(w,%m(h)i
(P(go f)o(wh)c)(h) (@5) 7oV (9))(h)
((w]%)gof)(h)i
(wh)aoYplgo /)(h) <———— ((wh)aoIp(f) o Yp(g))(h)

(WB) aouy2)(h)
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which is equal to the coherence diagram

(P(Pout )z
(P(f) e P(g)e P(h)(Z) (P(f) o P(hog))(Z)
(M;fop(h))Z\L
(P(go f)oP(h))(Z) (7, gos) 2
(Nigof)Z\L

P(ho(go f)(Z) P((hog)o f)(Z)

Plan,g,f)z

for the 2-presheaf P: B’ — Cat, evaluated by the object Z in P(D).

The functor wp: P(D) — SP(D) sends any morphism z: Z — Z' in the category
P(D) to the modification w?: w% — wd whose component indexed by the object C' € B
is a natural transformation (w%)c: (w)c = (w%)c. The component of the natural
transformation indexed by the 1-morphism h: C' — D (viewed as an object of the category
B(C, D)), is the morphism (w#)c(h): (wf)c(h) — (wW8)c(h) in the category P(C), given
by P(h)(z): P(h)(Z) — P(h)(Z'). The coherence for this modification

P(g)olwp)c ,
== P(g) o (wf)o

z i
(wB)g (Wg 9

(wh)B °Vp(9) (wh)B o Ypl(g)

(wh)BoYp(9)
evaluated by the morphism h: C' — D gives a diagram

(P(g) o (wh)o)(h) “L2 210 by 6 (W) e)()

(wB)g)(h) (w8 )g(h)

(@3)8 0 Volg)) (k) = ((@F)5 0 Yo(g)) (h)

_—
wh)BoYp(9)
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which is equal to the naturality diagram

(P(g)oP(h))(2)

(P(g) o P(h))(Z) (P(g) o P(h))(Z")

(01, )z (B o)z

P(hog)(Z) P(hog)(Z)

P(hog)(2)
for the natural transformation uig: P(g)o P(h) — P(hog), and the morphism z: Z — Z’
in the category P (D).

The value of the pseudo natural transformation w indexed by the morphism A: C' — D
is given by the natural transformation

P(D) —=22 - SP(D)

. SP(h)

P(C) SP(C)

we

whose component w? : (SP(h)owp)(Z) — (wcoP(h))(Z) indexed by the object Z € P(D),

P(h)(Z

is a modification w?: w% o Y(h) — wg ), and its component indexed by the object

B € B is the natural transformation (w?)p: (w5 o Y(h))p — (wg(h)(z))g. Its component

(W) p(g): (WEoY(Rh))B(g) — (wg(h)(z))B(g) indexed by the 1-morphism g: B — C (viewed
as an object of the category B(B,()), is a morphism given by the inverse of component
of the coherence (w?)g(g) = (uig)glz P(hog)(Z) — (P(g)oP(h))(Z) for the composition.

The composition wof: SP — SP is a pseudo natural transformation whose component
indexed by any object D in B, is a functor (wo 6)p: SP(D) — SP(D) which takes any
pseudo natural transformation ¢: Yp — P to the pseudo natural transformation (wp o
0p)(¢) = wp(ép(idp)) = w3 P Yp — P. Its component (wy“®))c: Yp(C) — P(C)
indexed by the object C € B, is a functor which sends any 1-morphism h: C' — D (viewed
as an object of the category B(C, D)), to the object (w%D(ldD))c(h) = P(h)(¢p(idp)) =
(P(h)o¢p)(idp) in the category P(C), and which sends any 2-morphism e: h — h' to a mor-
phism (w22 ) (€) = P(€)gpiap): P(R)(6p(idp)) — P(W')(¢p(idp)) in P(C), which
is just the component indexed by the object idp € Yp(D) of the natural transformation
P(e)opp: P(h)opp = P(h')opp. The value of the functor (wof)p: SP(D) — SP(D) for
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any modification Q: ¢ — 1 in SP(D) is the modification (wp 0 0p)(R) = wp(Qe(idp)) =

(idp) . (idp) _, ¥p(idp)
’ . D .

transformation (wgD (idp ))c: (w%’j (idp ))c — ¢. The component of this natural

transformation indexed by the l-morphism h: C' — D (viewed as an object of the cate-
gory B(C, D)), is the morphism (wgD(idD))c(h): (sz(idD))c(h) — (w%D(idD))C(h) in the
category P(C), given by P(h)(Qp(idp)): P(h)(¢p(idp)) — P(h)(¢p(idp)).

The component of the pseudo natural transformation wo #: SP — SP indexed by the
l-morphism h: C' — D in B, is the natural transformation (w o 6);, given by the diagram

wgD w%D , whose component indexed by the object C' € B is a natural

(w;éD (idD))

(wob) p

SP(D) SP(D)
SP(h) Loy, | SPM)
SP(C) SP(0)
(wo@)c

and defined by the composition (wco8,)(wpo0p): SP(h)o(wof)p — (wol)coSP(h). The
component indexed by the pseudo natural transformation ¢: YVp — P is the modification

(w0 B)n(6) = [(we 0 04) (wh 0 Op)](6) = [we 0 B](6)wn 0 Bp] () = wie ¥ X (idn) o ido)

between pseudo natural transformation w%D (4p) 5 Y(h) and w(g) eY(M)elide) SP(C). The
component of the modification (w o 0),(¢)p: Yo (B) — P(B) indexed by the object B in
B, is natural transformation (w o 6),(¢)p: (w%D(de) oY(h))p — (wgboy(h))C(ldC))B. The
equality

1 . . -1 . .
(w0 O)n(d)p(g) = (WoCWn AWyn(idD) @Dy oy — [(,2 00w Ay Enlidp)y o 000Dy 0y

— [ ) () [ ) 8)(9) [ ) 8)(9) = P(9) (b M) dn(idp)) (B )32 i

gives the component of the natural transformation (w o ),(¢)p indexed by g: B — C

(w o 0)n()p(9): (WP o V() p(g) — (WG 5(g)

which is given by the composition

[P(9)(@n@dp)|[(Hhg) 5 p iap) - P(h0 9)(6D(idD)) — P(g)(¢c(h o idc))

of morphisms in the category P(B). O
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Lemma 3.2. There exists an invertible modification T: w o 6 — ¢ to the identity pseudo
natural transformation 1: SP — SP.

Proof. Tts component indexed by the object D in B is a natural transformation Tp: (w o
0)p — tp whose component indexed by the pseudo natural transformation ¢: Yp — P is

a modification Yp(¢): w%D Gdp) _, ¢. Its component indexed by the object C' in B is the

natural transformation Y p(¢)c: (w%D (idp ))C — ¢¢, such that morphism

[To(¢)cl(h): P(h)(ép(idp)) — dc(h)
defines which is its component indexed by the morphism h: C' — D, is defined by

[Yp(o)cl(h) := ¢c(An)on(idp)

The coherence for modification T: wof — ¢

SP(h) o (wo8)p —21TP spihyoup
(wob)p th
(o )c 0 SP(h) — s ic0 SP(h)

is satisfied since by evaluating the above diagram for any ¢: Yp — P, the diagram

(SP(h) o (w0 0)p)(0) 22X D (S P(R) 0 1) (9)
(wob), (4) th()
(w0 8)c 0 SP(R))(6) (1 0 SP(h))(6)

(YcoSP(h))(¢)
becomes the diagram of modifications

i YT p(p)oY(h

w%D( dp) o y(h) M) $oY(h)

(wob)p(9)

w(¢>oy(h))c (idc)
¢ Yo (g0 (h))

¢ o Y(h)
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Evaluating this diagram by the morphism g: B — C

() o V(R 5(g) 0 0 V(R) 5(9)

(wo0)n(¢))B(9)

(w(c?oy(h))c(idc)) (

BlO)r oy a)® Y (W) 8 )

we obtain the diagram

)\hog hog (’LdD

(P(hog)oép)( ZdDdi—> B(hog)

P(9)(dc (o M) bm(idp) (1 )5 L ay)

(P(9) Oﬁbc)(hoidC?Tm ?B hog)

Since we have the identities

[Yp(¢)cl(h) = dc(An)pn(idp)

(To(doY(h)))B(g) = (¢ 0 V(h)B(Ag)(P 0 V(h))g(idc) = pB(h o Ag)(¢B 0 V(h)g)(idc)(dg 0 Y(h)c)(idc) =

= ¢p(h o Ag)PB(nidc,g)Pg(h o idc)
the last diagram is equal to the edge of the diagram

Dhog(idp) )‘hog

(P(hog)o¢p)idp) —op(idp o (hog)) B(hog) ——— hog
((Mf,g)locﬁD)(idD)J/ ¢B(%idp g T / ¢>B (hoXg)
Anog
(P(g) o P(h) o ¢p)(idp) ¢p((idp o h) o g) 65(on09) g(ho (idc o g))
(P(9)°¢h)(idD))J/ Folidpoh) ¢B(ah Jideg)
P idp o h) —— )(h )(hoidc) —— ¢p((h d
(Plg) o éc)(idp o b2y (Plg) o b)) ~——= oide) == ¢p((hoidc) o g)

in which the first pentagonal diagram commute since it is the coherence diagram for the
pseudo natural transformation ¢: Yp — P
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(P(g)odn)(idp)

(P(g) o P(h) o ¢p)(idp) (P(g) 0 ¢c)(idp o h)

(uﬁ,go@)(id};)l
(P(hog)o¢p)(idp) $g(idpoh)

¢>hog(idD>l
¢p(idp o (hog)) ¢p((idp o h) o g)

¢B(idp,h,g)

evaluated by the idp. The commutativity of two triangle diagrams is the consequence
of the triangle coherence for left and right identities and the hexagonal diagram is the
deformed square expressing the naturality of ¢4: P(g) o ¢ = ¢p o Vp(g) for the 2-
morphism pﬁl)\h: idpoh = hoidgc. [
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