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ATTILIO CUCCHIERI AND DANIEL ZWANZIGER

APPENDIX B: ONE-LOOP EXPANSION

In this appendix we find the one-loop expansion of the
quantities Vo and Py defined in Egs. (28) and (29), and
which appear in Dy 4,= Vy+ Py. The Faddeev-Popov _opera-
tor is written M(A") =M+ M (A"), where My=—&? is the
negative of the Laplacian, and (M )=~ gof AP, . The
color-Coulomb potential energy functional W(A"Y), defined in
Eq. (25). reads '

V(X554 =[(Mo+M,) ™ Mo(Mo+M,)™'155. (BY)
and has the expansion
V(AN =My —2M7 M M

F3IMSIM My M MG+ T
(B2)

where Mg '|;;=(2m)" 3[dPk(k?) ™" explik-(x—y)]=(47x

—y))~". From Eq. (28) for V, we obtain to one-loop order

Volx—v)=gd[ Mg +3M5 (M M5 M YoM ' 155

X &(x3—y4). (B3)
where we have used (M ,(A"))=0, which holds because
M (A") is linear in A", The average designated by (...),
refers to the free-field average, with free-field propagators
given in Eq. (30). This gives

Vo=Voot+ Vo, (B4)
where the zero-loop piece is given explicitly by
Voolx—y) 8=goMg (= 5) 8(xs—yu) 6 (BS)

and the one-loop piece by

VO.I (.1' _}.)5‘(!’{' — 383'[ d3x '(13_\' 'ft'b‘lffde(A;r'b(.‘;' ,x")

XARA(Y 3 )M (x—x")
XMy (& =¥ )M (7 =) 8lxa—ya).
(B6)

These terms are illustrated in Fig. 1(a). In momentum space
we have Vo o=g3/k?, and

i 3 L'(ﬁi'_ﬁif")k'

Vorlli) = _,,(z-)-f 3, KO —PEI

. (i P02
(B7)

The result of this integral is given in Egs. (33) and (35).

PHYSICAL REVIEW D 65 014002

Similarly, for Py given in Eq. (29), we have to one-loop
order

Po(x—3)8"=—gi((Mg ' pLow) () (Mg ' pleu) (Mo,
(B8)

where p&, = — gof AP ESC . This gives
Po(x—y) 8™ =— g(z,f &x'd*y' My Hx—x")
X (péoul(';’!xéi)péoul(;' ,}"4))0M0— l(;’ —;)a
(B9)
where
(p‘éoul(x)ptcfoul()'»ﬂ
= gaf P FUE(AT (AT (A EF (DETH(¥))o

HAFXET (N EF (VAT ()] (BIO)

This term is illustrated in Fig. 1(b). In momentum space it is
given by

_30 Pi'(f;)
Po(k)=—=5 (27 )"*f d*p—=—-
)=y P+ pd

Py(p—¥k)
[(p—E)+(ps—ky)?]

[P2=palps—k)].
(B11)

where P,-j(;;)=5,j-— pip ; is the 3-dimensionally transverse
projector. The contraction in the numerator gives 2 terms,

Py(p)Py(p—k)=J+J, (B12)
J =2 (B13)

"2,;2_ - E 2
1= pﬁ ﬁ(p ,} (B14)

p(p—k)°

Each term results in a Feynman integral /| and . The inte-
gral [, looks more complicated. However, it is only logarith-
mically divergent by power counting. and when the integra-
tion is performed, the coefficient of the divergent part of I,

Vanishes, 5o I, is finite. As a result /5(|k|.k.) vanishes in the
limit k;—=. and does not contribute to Pg’(k). The result of
the T, integration is given in Eqgs. (34) and (36).

The integrals (B7) and (B11) are evaluated by dimen-
sional regularization, with ps—p,, and 1;=(p,~) for |
=1,...,(d—1).
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or explicitly

DA;Aj
- ¢ (5. KiK;
+in\\Y K2

ey 4, K* 1. (-k*-in
x{p(g) 31 r+gh (——m )
2

KT[KZk+k2 14 4 3 )]
WAE Tt ers
( kz—m)
2
2(15”;’2 I;j)ln——( kKiin)
+(Ik{22 kﬁgﬂ“%)”‘%} (33)

5 The Slavnov—Taylor identity

Although ghosts are absent from the S-matrix elements
they are necessary to formulate the Slavnov-Taylor iden-
tities [13,14]. Diagramatically they are shown for the self-
energy in Fig. 8. Algebraically they are

kOI'AuAj _ KiFA‘Aj = (chfgj —Kin)FCAi- (34)

The diagrams involving ghost-source vertices on the right-
hand side are shown in Fig. 9a,b. The diagram in Fig.9a
vanishes as the energy divergence in py. The diagram in
Fig. 9b contributes

2
o)

4 L _enr€\ (2 13¢
so the identity is satisfied trivially as implied by (26) and
(27).

Fig. 8. The Slavnov-Taylor identity for self-energy graphs.
The wavy lines stand for Yang-Mills particles and double lines
for ghosts. The symbol on the left wavy line stands for the
replacement of a polarization vector eu(k) by ku and k* need
not be zero. The cross denotes the action of the tensor (kpk. —
k25,,,). The circle represents the set of all relevant Feynman
graphs

311

6 Discussion

We have checked the consistency of the Coulomb gauge
to order g2 including finite parts. The time-time compo-
nent of the gluon propagator in the Coulomb gauge is be-
lieved to provide a long-range confining force. There are
two interesting limits of (31). In the Zwanziger picture (8]
92Dy gives the instantaneous part VZ(R) which is called
the color-Coulomb potential. (Here Dy is the time-time
component of the gluon propagator.) The instantaneous
color-Coulomb potential Vz(R) at large R may serve as
an order parameter. We have

Vz(R
KCoul—Rl roy 21(2)

A non-zero value of Koy would be the signal for color
confinement. The potential is separated out in momentum
space by

(36)

Va(K) = Jim _g"D*% (ko, K), (37

where we have written Vz(K) for the Fourier transform
of Vz(R). The limit ky — co of (31) is

lim D44 (ky, K)

ko—roo
c {11 € 11, K2
=ﬁ{—1“(§)‘?lnﬁ‘“‘
28 103 K
— —In2 In —
3 + — 9 2nk0}, (38)

and it is not independent of ky. There appears to be a
difference in_the dominant term in (38) angm
chieri and Zwanziger [15]. This difference arises because
of the statement near the end of AppendixB in [15] that
I is finite, and “as a result” I; vanishes in the limit

kg — oo. However, the finiteness of I> does not impl
anything about the behavior as kg — oo. In fact, on cal-
culating IE‘ we find that the dominant term as ky — oo is
—4/31In(k:/K?°). With this value, there is no contradiction
“with (38) in this paper.
Although the limit as ky — oo is not finite
and Zwanziger [15] have argued that an unambij in-
stantaneous part may be defined by using renormalization
oup arguiments.
The limit ky — 0 is naturally related to the definition
of the quark-antiquark potential. It follows from consid-
ering a rectangular Wilson loop with sides of length T in

” ~ T~
/ / \
L ${)

a b

Fig. 9. a Diagram with an open ghost line. The source vy, of the
E., field has the vertex gf*E’C v,. The ghost propagator is
4z and it is represented with the double line. b Diagram with
an open ghost line. The source v of the transverse gluon field
has the vertex gf°*°s;;
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