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MATRIX MODEL ↔ INVERSE-SQUARE INT. MODEL

L. Susskind (hep-th/0101029)

QHE ∝ NC U(1) CS theory with M∞×∞ (#e− = ∞)

QHE ←→ CS MMN×N

CS MMN×N ←→ Inverse − square interaction model

AdS ←→ 2 + 1 CS fermions

MM (BIPZ)

L = TrṀ2 + TrV (M)

M = UΛU †

Ṁ = U
(
Λ̇ + [U−1U̇ , Λ]

)
U †

Conserved quantity:

J = [M, Ṁ ] = U
(
[Λ, Λ̇] + [Λ, [U−1U̇ , Λ]]

)
U †

TrṀ2+TrV (M) = TrΛ̇2+
∑

a6=b

(U−1JU)ab(U
†JU)ba

(λa − λb)2
+TrV (M)

0 + 1 MQM → 1 + 1 NQM fermionization

M =




λ1 . . .

λN


 → x1 xN

Only for M with invariance:

M=R real symmetric O(N) invariant

M=H complex hermitean U(N) invariant

M=Q quaternionic real Sp(N) invariant
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The collective-field formulation of the MM

H A. Jevicki, B. Sakita

L = TrṀ2 + TrV (M) Q I.A., H. Levine, A. Jevicki

Collective field → Bosonozation in N→ ∞
φ(k, t) = Tre−ikM(t), φ(x, t) =

∫
dk

2π
e−ikxφ(k, t)

Hamiltonian

−T+ =
1

2

∫
dxdyπ(x)Ωxy(φ)π(y)− i

2

∫
dxω(φ)π(x) & J(φ)

Quaternionic (self-dual) matrix

Q =

(
Q0 + iQ1 −Q2 − iQ3

Q2 − iQ3 Q0 − iQ1

)
= Qαeα; α = 0, . . . , 3

- Q† = Q, real eigenvalues

- group properties

- diagonalized by Sp(N)

Q0 = Qij
0 h+

ij, Ql = Qij
l h−

ij, l = 1, 2, 3, [h±
ij]mn = δimδjn±δinδjm

Ωxy(φ) =
1

2




N∑

i≤j

(1 + δij)
∂φ(x)

∂Qij
0

∂φ(y)

∂Qij
0

+
3∑

l=1

N∑

i<j

∂φ(x)

∂Qij
l

∂φ(y)

∂Qij
l




= ∂x∂yδ(x − y)φ(x)

ωx(φ) = −1

2




N∑

i≤j

(1 + δij)
∂

2
φ(x)

∂Qij 2

0

+
3∑

l=1

N∑

i<j

∂
2
φ(x)

∂Qij 2

l




= (λ − 1)∂2
xφ(x) + 2λ∂xφ

∫
φ(y)dy

x − y
= ∂x

(
φ(x)∂x

∂lnJ

∂φ(x)

)
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Conformal invariance of the collective-field theory

H =
1

2

∫
dxφ(x)(∂xπ)2 +

∫
dxφ(x)V (x) +

+
1

2

∫
dxφ(x)

(
λ − 1

2

∂xφ(x)

φ(x)
+ λ−

∫
φ(y)dy

x − y

)2

+ . . .

Corresponding Lagrangian (free part)

L(φ, φ̇) =
1

2

(∂−1
x φ̇)2

φ
− 1

2
φ

(
λ − 1

2

∂xφ

φ
+ λ−

∫
dy

φ(y)

x − y

)2

Infinitesimal transformations - t′ = t − εtn

δφ = φ′(x, t)−φ(x, t) = (−dφntn−1+dxntn−1x∂x+tn∂t)φ(x, t)

Conserved charges Qn

Q =

∫
dx

δL
δφ̇

δφ − A(φ, φ̇), δS =

∫
dt

dA(φ, φ̇)

dt

Qn =
n(n − 1)

4

∫
dxx2φ − ntn−1

2

∫
dxxφ∂xπ + tnH

Q0 = H

Q1 = −1

2

∫
dxxφ∂xπ + tH

Q2 =
1

2

∫
dxx2φ − t

∫
dxxφ∂xπ + t2H

Q0(t = 0) → T+

Q1(t = 0) → T0 SU(1, 1) : [T+, T−] = −2T0

Q2(t = 0) → T− [T0, T±] = ±T±
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BPS limit

H =
1

2

∫
dxρ(∂xπ)2+

1

2

∫
dxρ

(
λ − 1

2

∂xρ

ρ
+ λ−

∫
ρ(y)dy

x − y

)2

−
∫

δω

δρ

Ground state (BPS)

Large N limit → 1st order Bogomol’nyi type eq.

λ − 1

2

∂xρ

ρ
+ λ−

∫
ρ(y)dy

x − y
= 0, ρ = ρ0 = cte ∀λ

Ground state is degenerate in leading N!

⇒ 1

2

∫
dxρ

(
λ − 1

2

∂xρ

ρ
+ λ−

∫
ρ(y)dy

x − y
+

v

x

)2

=

=
1

2

∫
dxρ

(
λ − 1

2

∂xρ

ρ
+ λ−

∫
ρ(y)dy

x − y

)2

+
v(v − 1 + λ)

2

∫
ρ(x)

x2
+

+
vλ

2

(∫
ρ(x)

x

)2

+
vλπ2

2
ρ(0)

If ∃ρ; ρ(0) = 0 & ρ(x) = ρ(−x) for v = 1 − λ

Bogomol’nyi type eq.

λ − 1

2

∂xρ

ρ
+ λ−

∫
ρ(y)dy

x − y
+

v

x
= 0

ρs(x) = ρ0

x2

x2 + b2
, ρ0b =

1 − λ

λ

Quantum corrections ρ(x) = ρ0 + η(x)

Spectrum known for ρ(x) = cte, ρ(x) = ρs(x)
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The BPS solution - solitons (the static tachyonic background)
The non-BPS solutions - moving solitons

The solitons of the collective field description are dual quasi-
particles.

Introduce a new field m(x, t) describing quasi-particles in the
prefactor of the wave functional:

V κ[ρ, m] = exp

{
κ

∫ ∫
dxdyρ(x) ln |x − y|m(y)

}

The duality is displayed by the following relations:

T+[ρ, λ]V κ[ρ, m] =

[
−λ

κ
T+[m, κ2/λ] +

+
κπ2

2

∫
dxρ(x)m(x)(λρ(x) + κm(x)) +

+
(λ + κ)(κ − 1)

2

∫ ∫
dxdz

m(z)∂xρ(x)

x − z

]
V κ[ρ, m]

T0[ρ, λ]V κ[ρ, m] = − {
T0[m, κ2/λ] +

+
1

2
E0(N, λ) +

1

2
E0(M, κ2/λ) +

1

2
κNM

}
V κ[ρ, m]

New su(1,1) generators for particles and solitons

T+ = T+[ρ, λ] +
λ

κ
T+[m, κ/λ] + Hint

Hint = −(λ + κ)(κ − 1)

2

∫ ∫
dxdz

m(z)∂xρ(x)

x − z
+

−κπ2

2

∫
dxρ(x)m(x)(λρ(x) + κm(x))
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T0 = T0[ρ, λ] + T0[m, κ2/λ]

T− = T−[ρ, λ] +
κ

λ
T−[m, κ2/λ]

We interpret the operator T+ as a non-hermitian Hamiltonian
for particles and solitons. After hermitisation of T+ we obtain
the hermitian form

HM = H[ρ, λ] +
λ

κ
H[m, κ2/λ] + Hint

where H[ρ, λ] is

H[ρ, λ] =
1

2

∫
dxρ(x)(∂xπ)2 +

+
1

2

∫
dxρ(x)

(
λ − 1

2

∂xρ(x)

ρ
+ λ−

∫
dy

ρ(y)

x − y

)2

+

−µ

∫
dxρ(x) +

−λ − 1

4

∫
dx∂2

xδ(x − y)|y=x − λ

2
−
∫

dx∂x

1

x − y
|y=x

and H[m, κ2/λ] is obtained from H[ρ, λ] substituing m for
ρ and κ2/λ for λ.


