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Gap and BS equations in ladder truncation

Sf (p)−1 = iγ · p + m̃f +
4

3

∫
d4q

(2π)4
g2Deff

µν(p − q)γµSf (q)γν

→ Sf (p) =
1

ip�Af (p2) + Bf (p2)
=

−ip�Af (p2) + Bf (p2)

p2Af (p2)2 + Bf (p2)2
=

−ip� + mf (p2)

p2 + mf (p2)2

λ(P 2)Γff̄ ′ (p, P ) = −
4

3

∫
d4q

(2π)4
Deff

µν(p − q)γµSf (q + P

2
)Γff̄ ′ (q, P )Sf (q −

P

2
)γν

◮ Euclidean space: {γµ,γν}=2δµν , γ†
µ =γµ, a·b =

∑4
i=1aibi

◮ P is the total momentum

◮ meson mass is identified from λ(P 2 = −M2) = 1

◮ Deff
µν(k) an “effective gluon propagator” - modeled !



From the gap and BS equations ...

◮ solutions of the gap equation → the dressed quark mass function

mf (p2) =
Bf (p2)

Af (p2)

◮ propagator solutions Af (p2) and Bf (p2) pertain to confined quarks if

m2
f (p2) 6= −p2 for real p2

◮ The BS solutions Γff̄ ′ enable the calculation of the properties of qq̄ bound

states, such as the decay constants of pseudoscalar mesons:

fPS Pµ = 〈0|q̄
λPS

2
γµ γ5 q|ΦPS(P )〉

−→ fπPµ = Nc trs

∫
d4q

(2π)4
γ5γµ S(q + P/2) Γπ(q; P ) S(q − P/2)



Separable model

◮ To simplify calculations, take the separable form for Deff
µν :

Deff

µν(p − q) → δµν D(p2, q2, p · q)

D(p2, q2, p · q) = D0 f0(p
2)f0(q

2) + D1 f1(p
2)(p · q)f1(q

2)

◮ two strength parameters D0, D1, and corresponding form factors fi(p
2). In the

separable model, gap equation yields

Bf (p2) = m̃f +
16

3

∫
d4q

(2π)4
D(p2, q2, p · q)

Bf (q2)

q2A2
f
(q2) + B2

f
(q2)

[
Af (p2) − 1

]
p2 =

8

3

∫
d4q

(2π)4
D(p2, q2, p · q)

(p · q)Af (q2)

q2A2
f
(q2) + B2

f
(q2)

.

◮ This gives Bf (p2) = m̃f + bf f0(p2) and Af (p2) = 1 + af f1(p2), reducing to

nonlinear equations for constants bf and af .



A simple choice for ‘interaction form factors’ of the separable model:

◮ f0(p
2) = exp(−p2/Λ2

0)

◮ f1(p
2) = [1 + exp(−p2

0/Λ2
1)]/[1 + exp((p2 − p2

0))/Λ2
1]

gives good description of pseudoscalar properties if the
interaction is strong enough for realistic DChSB, when
mu,d(p

2 ∼ small) ∼ the typical constituent quark mass scale
∼ mρ/2 ∼ mN/3.

◮ Another simplification: for the separable interaction, the
solution for the pseudoscalar BS amplitude reduces to just two
terms:

ΓPS(q; P ) = γ5

[
iEPS(P 2) + P�FPS(P 2)

]
f0(q

2)



Extension to T 6= 0

◮ At T 6= 0, the quark 4-momentum p −→ pn = (ωn, ~p), where
ωn = (2n + 1)πT are the discrete ( n = 0,±1,±2, ±3, ... )
Matsubara frequencies, so that p2

n = ω2
n + ~p 2.

◮ Gap equation solution for the dressed quark propagator

Sf (pn, T ) = [i~γ · ~p Af (p2

n, T ) + iγ4ωn Cf (p2

n, T ) + Bf (p2

n, T )]−1

=
−i~γ · ~p Af (p2

n, T ) − iγ4ωn Cf (p2
n, T ) + Bf (p2

n, T )

~p 2 A2

f (p2
n, T ) + ω2

n C2

f (p2
n, T ) + B2

f (p2
n, T )

.

◮ There are now three amplitudes due to the loss of O(4)
symmetry, and at sufficiently high T ≥ Td denominator CAN
vanish. −→ For T ≥ Td quarks can be deconfined!



Extension to T 6= 0

◮ The solutions have the form Bf = m̃f + bf (T )f0(p
2
n),

Af = 1 + af (T )f1(p
2
n), and Cf = 1 + cf (T )f1(p

2
n)

af (T ) =
8D1

9
T

∑

n

∫
d3p

(2π)3
f1(p2

n) ~p 2 [1 + af (T )f1(p
2
n)] d−1

f
(p2

n, T )

cf (T ) =
8D1

3
T

∑

n

∫
d3p

(2π)3
f1(p2

n) ω2
n [1 + cf (T )f1(p

2
n)] d−1

f
(p2

n, T )

bf (T ) =
16D0

3
T

∑

n

∫
d3p

(2π)3
f0(p2

n) [m̃f + bf (T )f0(p2
n)] d−1

f
(p2

n, T )

◮ where df (p2
n, T ) is given by

df (p2
n, T ) = ~p 2A2

f (p2
n, T ) + ω2

nC2
f (p2

n, T ) + B2
f (p2

n, T )



Matsubara sums
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Matsubara sums
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Matsubara sums
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Chiral symmetry restoration at T = TCh
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Chiral symmetry restoration at T = TCh
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Violation of O(4) symmetry with T
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Model results at T = 0

◮ Model parameter values reproducing experimental data:

◮ m̃u,d = 5.5 MeV, Λ0 = 758 MeV, Λ1 = 961 MeV,
p0 = 600 MeV, D0Λ

2
0 = 219, D1Λ

4
1 = 40 (fixed by fitting Mπ,

fπ, Mρ, gρπ+π− , gρe+e− → predictions
au,d = 0.672, bu,d = 660 MeV, i.e., mu,d(p

2), 〈ūu〉)

◮ m̃s = 115 MeV (fixed by fitting MK → predictions
as = 0.657, bs = 998 MeV, i.e., ms(p

2), 〈s̄s〉, Mss̄, fK , fss̄)

◮ Summary of results (all in GeV) for q = u, d, s and
pseudoscalar mesons without the influence of gluon anomaly:

PS MPS fPS −〈q̄q〉
1/3
0 mq(0)

π 0.140 0.092 0.217 0.398
K 0.495 0.110
ss̄ 0.685 0.119 0.672



Model results at T = 0

◮ GMOR
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η − η′ complex

M2
η =

1

2

[
M2

ηNS
+ M2

ηS
−

√
(M2

ηNS
− M2

ηS
)2 + 8β2X2

]

=
1

2

[
M2

π + M2
ss̄ + β(2+X2) −

√
(M2

π+2β−M2
ss̄−βX2)2 + 8β2X2

]

M2
η′ =

1

2

[
M2

ηNS
+ M2

ηS
+

√
(M2

ηNS
− M2

ηS
)2 + 8β2X2

]

=
1

2

[
M2

π + M2
ss̄ + β(2+X2) +

√
(M2

π+2β−M2
ss̄−βX2)2 + 8β2X2

]

X = fπ/fss̄

β (2 + X2) = m2
η + m2

η′ − 2m2
K =

2Nf

f2
π

χ



Results on η − η′ complex at T = 0

βfit βlatt. Exp.
θ -12.22◦ -13.92◦

Mη 548.9 543.1 547.75
Mη′ 958.5 932.5 957.78
X 0.772 0.772
3β 0.845 0.781

◮ masses are in units of MeV, 3β in units of GeV2 and the
mixing angles are dimensionless.

◮ βlatt. was obtained from χ(T = 0) = (175.7 MeV)4 using
Witten-Veneziano relation.



Model results at T 6= 0

◮ T -dependence of the masses of light mesons: π, K, ss̄, σ
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Model results at T 6= 0

◮ T -dependence of pseudoscalar decay constants fP
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Model results at T 6= 0

◮ m2
ss̄ ≈ 2m2

K − m2
π due to GMOR
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Topological susceptibility
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X = fπ/fss̄
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Results for pseudoscalar nonet at T 6= 0
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Results for pseudoscalar nonet at T 6= 0

0.25 0.5 0.75 1 1.25 1.5 1.75
T�TΧ

0.25

0.5

0.75

1

1.25

1.5

1.75

MP@GeVD

Η

Η’

Π

K

ss
��

ΗS

ΗNS

2ΠT

TCh

Tχ = 0.836TCh, YM susceptibility



Results for pseudoscalar nonet at T 6= 0
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Results for pseudoscalar nonet at T 6= 0
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Results for pseudoscalar nonet at T 6= 0

Animation for range of Tχ
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PS nonet at T 6= 0, SU(3) quenched susceptibility
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PS nonet at T 6= 0, Nf = 4 QCD susceptibility
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Polyakov loop, preliminary
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Polyakov loop, preliminary
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Order parameters without PL
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Polyakov loop, preliminary
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Polyakov loop, preliminary
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Polyakov loop, preliminary
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Summary

◮ Sketched Dyson-Schwinger approach to quark-hadron physics
& a convenient concrete model

◮ Results for dressed quarks and pseudoscalar mesons at T = 0

◮ Results for dressed quarks and pseudoscalar mesons at T 6= 0


