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Dyson-Schwinger approach to quark-hadron physics

- N

# =the bound state approach which is nopertubative,
covariant and chirally well behaved (e.g., GMOR

relation:  limg, o Mg;/2mq = —(Gq)/ f7 )
# a) direct contact with QCD through ab initio calculations

# b) phenomenological modeling of hadrons as quark
bound states (e.g., here)

# coupled system of integral equations for Green
functions of QCD

& ... but... equation for n-point function calls (n+1)-point
function ... — cannot solve in full the growing tower of
DS equations

# — various degrees of truncations, approximations and
L modeling is unavoidable (more so in phenomenological J
modeling of hadrons, as here)
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Dyson-Schwinger approach to quark-hadron physics

- N

o Gap equation for propagator S, of dressed quark ¢

# Homogeneous Bethe-Salpeter (BS) equation for a
Meson qq bound state vertex I 5

D “ el
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Gap and BS equations in ladder truncation

- N

o 4 M )
Sy(p) =iy -p+m,+ > / 2 G (0 — 0)7uSe(0)y

_ 1 _ —W/Aq(pQ) +Bq(P2) _ 1 _Z'/p/ijq(pZ)
WAe(p?) + By(p?)  p?A4(p?)* + By(p?)*  Aq(p?) p? + my(p?)?

— Sq(p)

4o, P P
Loy (p, P) = —= /(277)4 9 Gel (= Sy 0+ 5 ) agr (€, P) Sy (0= ),

® Euclidean space: {y,,7,} =264, 7 =7, a-b = S+ a;b;
® P is the total momentum, M? = —P? meson mass?
o G‘;fﬁ(k) an “effective gluon propagator” - modeled !

o |
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From the gap and BS equations ...

-

solutions of the gap equation — the dressed quark mass function

® propagator solutions A,(p?) and B,(p?) pertain to confined quarks if

mg (p?) # —p? for real p?
® The BS solutions I' ;;» enable the calculation of the properties of ¢g
bound states, such as the decay constants of pseudoscalar mesons:

)\PS

frps P, = (0|g T’M%Q@PS(P»

d*l
—  faP, N, trS/ o) Y5y S(E+ P/2) I'z(¢; P) S(¢ — P/2)

o |
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Renormalization-group improved interactions

k., k,
f Landau gauge gluon propagator : 2Geﬁ(k) G(—k*) (=g + 2—2), —‘

eff 2
G(Q?) = WQSQ(EQ ) _ Guv(Q?) + GRr(Q?), Q° = —k*.
ert ()2 2 In [hl(xo + Agf )]
G 2:4045 (Q)N dm=d 14D QCD
M T it ) Tt )

QCD QCD

® but modeled non-perturbative part, e.g., Jain & Munczek:
Gr(Q?) = Gnon-pert(Q2) = 471% a Q? exp(—pQ@?) (similar : Maris, Roberts...)

® or, the dressed propagator with dim. 2 gluon condensate
(A?)-induced dynamical gluon mass (Kekez & Klabucar):

2
2 al (Q?) Q’ Q’
G(Q7) = 4r Q? 9 “ghost 2 4 A2 “gluon
R R
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Some effective strong couplingsa™(Q?) = Q? G(Q?)/4x

- N
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® Blue = Munczek & Jain model. Red = K & K propagator with
(A?)-induced dynamical gluon mass. Green = Alkofer. Magenta =
\_ Bloch. Turquoise dashed: Maris, Roberts & Tandy model.
Important: integrated IR strength must be sufficient for bDChsSB!
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Separable model

-

Calculations simplify with the separable Ansatz for G;ﬁ:
ff
G5 (p—q) = 0 G(p*.¢*,p - q)

G(p*,¢*,p-q) = Do fo(0*)fo(q®) + Dy fr(p*)(p- q) f1(q*)

two strength parameters Dy, D1, and corresponding form factors
fi(p*). In the separable model, gap equation yields

_ 16 [ diq By(q?)
B(p2 _ 10 e 27 27 _ /
A oy Heo )
8 [ diq (p-9)As(q?)
A 2 1 2 — > G 27 27 . .
st =] 3/ @mi ¢ q>q2Afc(q2)+BJ2c(q2)

This gives By (p?) = mys + by fo(p?) and A;(p?) = 1+ ay f1(p?),
reducing to nonlinear equations for constants b and a .

|
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A simple choice for ‘interaction form factors’ of the separable model:
f-’ fo(p?) = exp(—p*/AF) T

® fi(p®) = [1+exp(—p5/AD)]/[1 + exp((p® — p§))/A1]
gives good description of pseudoscalar properties if the interaction is
strong enough for realistic DChSB, when m,, 4(p* ~ small) ~ the

typical constituent quark mass scale ~ m,/2 ~ my/3.

fo.1(p%)
1

0.8 ¢
0.6 |
0.4 ¢

0.2 -

‘ p’[GeV?]
1 7 3 4 5
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Nonperturbative dynamical propagator dressing
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# — Dynamical Chiral Symmetry Breaking (DChSB)
As, BflGeV]

1.5 ¢
1.25 |
'|_

0.75 |

0.5 | B, ,
0.25 |

L ~oom oo o1 1 o? [GeV/] J
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DChSB = nonperturb. generation of large quark masses ..

-

# ... even in the chiral limit (m; — 0), where the octet

-

pseudoscalar mesons are Goldstone bosons of DChSB!

m. [GeV]

0.6 |
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Separable model: “non-anomalous” results (at/l’ = 0)

s

-

Model parameter values reproducing experimental data:

® m,q=>55MeV, A;j =758 MeV, A; =961 MeV, py = 600 MeV,
DoA§ = 219, D1 AT = 40 (fixed by fitting M, fr, Mp, Gpntn—+ Jpete-
— pertinent predictions a, 4 = 0.672, b, 4 = 660 MeV, i.e., m, q4(p?),
(uu))
® m, =115 MeV (fixed by fitting M — predictions a;, = 0.657, by = 998
Mevl Ie! ms(p2)1 <§S>1 MS§! fK1 f8§)
$» Summary of results (all in GeV) for ¢ = u, d, s and pseudoscalar
mesons without the influence of gluon anomaly:
PS | Mps | Mpg | fps PS mq(0) | — (g’
m | 0.140 | 0.1396 | 0.092 | 0.0924 4 0.0003 | 0.398 0.217
L K | 0.495 | 0.4937 | 0.110 | 0.1130 = 0.0010 J
ss | 0.685 0.119 0.672
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Anomaly and mixing in n — n" complex

-

# present approach yields mass? eigenvalues

M? = M2 M2 = My, ..., M3, = diag(MZ;, M2, MZ)

® |ud) = |77, |us) = |K™T), ... but |ut), |dd) and |s5) do not
correspond to any physical particles (at 7' = 0 at least!),

although in the isospin limit (adopted from now on)
Myg =M, =M, ;= M,. IIsagood quantum number!

#® — recouple into the familiar I3 = 0 octet-singlet basis
) = —=(lua) — |dd)) .

ng) =

- no) =

= (Jua) + dd) — 2|s5)) ,

Sl Sl Sl

(Juiz) + |dd) + |s5)) - -
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Anomaly and mixing in n — n" complex

- N

# the “non-anomalous” (chiral-limit-vanishing!) part of the
mass-squared matrix of 7¥ and n’s is (in 7°-ng-ng basis)

M2 0 O
r2
Mya = 0 Mg, Mg,
0 Mg Mg,

N 2 1
Mg = (ns| M7 4lns) = M7, = g(Mszg + 5M3)7

. V2
Mgy = (8| M3y 4lmo) = Mgs = ?(Mﬁ — MZ;)
9 _ D 2.1 5 9
Mgo = (no| Mz 4lm0) = §(§Ms§ + M7),

# in order to avoid the U 4(1) problem, U 4(1) symmetry
must ultimately be broken by gluon anomaly at least at
the level of the masses
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Anomaly and mixing in n — n" complex

- N

# All masses in M?, , are calculated in the ladder approx.,
which cannot include the gluon anomaly!

# Large N.: the gluon anomaly suppressed as 1/N,.! —
Include its effect just at the level of masses: break the
U4(1) symmetry and avoid the U4(1) problem by shifting
the ng (squared) mass by anomalous contribution 35.

® complete mass matrix is then M2 = M3 , + M?% where

0
M2 =1 0
0

# 373, the anomalous mass of r, Is related to the
L topological susceptibility of the vacuum. It is fixed by J
phenomenology or taken from the lattice calculations.
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Anomaly and mixing in n — n" complex

- N

» we can also rewrite M3 in the g basis |ua), |dd), |s3)

1 1 1 1 1 X
R flavor .
M32=p| 1 1 1 . M =8| 1 1 X
1 1 1 breaking X X 2

# We introduced the effects of the flavor breaking on the
anomaly-induced transitions |q¢q) — |¢'¢) (¢,q = u,d, s).
s§ transition suppression estimated by X ~ f,/fss.

>

® Then, M?% in the octet-singlet basis is modified to

0 0 0
M%=p3] 0 2(1— X)? 22— X — X?)

0 Y2(2-X-X?) (2 + X)2

B

Wl

# — Inthe isospin limit, one can always restrict to 2 x 2
(ag l | h m ﬂfr I Y ﬂf pfﬂ Q 7 and 1/ mesons in the Dvson-Schwinaer annroach with the aeneralized Witten-Veneziano relations® — n. 16/30



Anomaly and mixing in n — n" complex

- N

# nonstrange (NS) — strange (S) basis

vs) = (o) +dd) = i) + /o).

ns) = [s8) = —\/glnw + %mw :
# the n—n' matrix in this basis is

2
2 — M s M s _ My + 23 V28X @ | ™ 0
M? M2 V28X M2, + 3X?2 0 m?2,

NNSTS

# NS-S mixing relations

) = cosplnns) —sind|ns), |n') =singlnns) + cosPlns) -

L 6 = ¢ — arctan V2 J
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Anomaly and mixing in n — n" complex

- N

#® Letlowercase mj;’s denote the empirical mass of
meson M. From our calculated, model mass matrix in
NS—S basis, we form its empirical counterpart mgxp by

# i) obvious substitutions M,; = M, — my, Mg — mg;

# i) by noting that mz, the “empirical" mass of the
unphysical ss pseudoscalar bound state, is given in
terms of masses of physical particles as

m?; =~ 2m?% — mZ due to GMOR. Then,
22 _m72T—|—26 V23X _ N _m% 0
=P V28X Qm%( —m2 + BX°? Pexp 0 m%,
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Anomaly and mixing in n — n" complex

® requiring that the experimental trace (m? + m%,)empz 1.22 GeV? be reproduced by

the theoretical M?2, yields Bae = sz [(my +m2) )eap — (M5 + MZ)]

#» But better get 7 from lattice! Then no free parameters!

# thetrace ofthe empirical /2, demands the 1% equality in

exp

ON;
7

# we can then determine the mixing angle ¢ through

B(2+X?) = m%—l—m%/—Qm%( = (2"equality = WV relation)

2
tan 2¢ = 2 My s — 2V2BX
M%S B M%NS M%S o M%NS |

2
My = Mg +28 = Mi+28, My = ME+0X" = ME+5F

NS ]
SS
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Anomaly and mixing in n — n" complex

- N

# The diagonalization of the N.S — S mass matrix then
finally gives us the calculated » and »’ masses:

2 2 2 : -2 2
M? = cos®¢ M7 . — V23X sin2¢ +sin® ¢ M,
2 : 2 2 : 2 2
M7, = sin®¢ M2 .+ V28X sin2¢ + cos® ¢ M7,

# Equivalently, from the secular determinant,

1 —
2 2 2
Mp = S| MZ o+ M= (M2, — M2)?+857X?|
e
= 5 [Mz+ Mg+ B(2+X7) - \/<M7%+26—M38—6X2)2+862X2]
.
2 2 2
ME = 5| M2+ MZL+ /(M2 — M2)*+832X7
e
= 5 M73+M3§+6(2+X2)+\/<M7%+26—M38—6X2)2+862X2]
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Topological susceptibility of QCD vacuum

: ' N

1.6 —_ ]
. 1.2 [f] [0 QCD 4 flavours . 1.6
? I g oot
50.8— E %Z - @1'?
=oar g i ' o
o .
0.8 T 12 16 o ” ”
4 g’
= [ @) . a(e) = Gl () (o)

L.o q(x) = topological charge density operator J
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Separable model results om and " mesons (atl’ = 0)

- N

Bt Blatt. EXp.
0 -12.22° -13.92°

M, 548.9 543.1 547.75
M, 958.5 9325 957./8
X 0772 0.772
36 0.845 0.781

® masses are in units of MeV, 353 in units of GeV? and the
mixing angles are dimensionless.

® (.1t Was obtained from y (7 = 0) = (175.7 MeV)*

® X = f./fss as well as the whole M3 , (consisting of M,
and M,z) are calculated model quantities.

o |
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Shore’s generalization of WV — valid to all orders in1 /N,

f.o Inclusion of gluon anomaly in DGMOR relations — T
(fO7)2m2, + (fO2m2 = L(f2m2 +2fim%k) +64 (1)
FO7 P2, fOpm2 = 22(f2m2 — frmd) ()

(f2m2 —4fim3)  (3)

W=

(P32 + (F57)Pmiy = —

® A=x+ O(3) = full QCD topological charge. (1)+(3)—

(FO2m2, + (FO1)2m2 + (£51)2m2 + (f57)2m2 — 2f2m% = 64
® Then, large N, limit and %7, 87" — 0 as well as
L fonl, 81 f.- — f. recovers the standard WV. J
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n" and n have 4 independent decay constants

y

1O L8 00 15 0lAT™(@)|PR) = ifppe P, a=8,0; P=ns

® Equivalently, one has 4 related but different constants fé\,fs, AR f?f, if instead of

octet and singlet axial currents (a = 8, 0) one takes this matrix element of the
nonstrange-strange axial currents (a = NS, S)

Ay s(z) = %AS“(CL’) + \/?40“’(93) = % (a(@)y*ysu(z) + d(z)y*ysd(z)) |

Ak (z) = —\/§A8“’(x) + %Ao“(x) =

TN I AR £
s 151

(0] AR (@) InNs(p)) = ifns pHe P"

g(x)’yufﬁs(x) )
1 ] ’
V3

,  {0|AYg(@)Ins(p)) =0,

(0]A%(z)|Inns(p)) =0,
® Note: in our approach, fxs = fua = fss = fx, fs = fss are calculated quantities

W

Sosk Gl

a,P=NS,S :

a,P=NS,S : (0|A%(z)|ns(p)) = ifs pte P,
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Two Mixing Angles and FKS one-angle scheme

- N

o Any 4 n-n’ decay constants conveniently parametrized
In terms of two decay constants and two angles:

f =cosbs fs | f = —sin6y fo, fNS = cos¢ns fns £y =—sinés fs,

fry =sinbs fs,  f), =cosbo fo, fh° =singnsfns,  fo =cos¢sfs

# Big practical difference between 0-8 and NS-S schemes:

® while 65 and 0, differ a lot from each other and from
0 ~ (98 + 90)/2, FKS showed that ONS = Og = .

'f1|7\|s fﬁ COS @ —Sinqb_ Jns O
e ] T s w0 s
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For four decay constants, can use FKS one-angle schem

s wecanrelate (£, /5. /0. £0) with {fys. fs}— (/v i |
5 0] [eose —sing [ [dvs 0] ] 5 3

I fS/ f7(7)/ ] I Sin¢ COS¢ 1L 0 fS ] _\/g %

# Some other useful relations between quantities of N S-S
(FKS) and 0-8 schemes:

L, 2 V2
fs = \/§f§s+ §f§ : fs = ¢ — arctan ( fN£S> :

fo=\/§fﬁs+%f§, 0y = ¢ — arctan <€£N8> .

L.o — We can solve 3 Shore’s equations for ¢, m, and m,,. J
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f.o

Separable model results of Shore’s generalization

The non-anomalous results are the same as before

x(0) -(190 MeV)* | -(182 MeV)* | -(175.7 MeV)* | [EXP] | with wv
my [MeV] 525.2 516.1 506.9 547.7 | 543.1
m,, [MeV] 975.0 913.1 868.7 957.8 | 932.5
b 46.89° 43.80° 40.86° 40.82°
x(0) -(190 MeV)? | -(182 MeV)? | -(175.7 MeV)* | Shore | with wv
6o -0.66° -3.76° -6.69° -12.3° | -6.73°
O3 -14.45° -17.54° -20.47° -20.1° | -20.52°
fo [MeV] 101.8 101.8 101.8 106.6 | 101.8
fs [MeV] 110.7 110.7 110.7 104.8 | 110.7
£ [MeV] 1.2 6.7 11.9 22.8 11.9
fg' [MeV] 101.8 101.6 101.1 104.2 | 101.1
3 [MeV] 107.2 105.6 103.7 98.4 103.7
7" [MeV] 27.6 -33.4 -38.7 36.1 | -388

-

|
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Jain-Munczek model: old results vs. Shore’s generalizatio

-

A B C D E
X 1.0 0.673 | 0.805
303 0.707 | 0.865 | 0.801
0 ~19.5° | —11.1° | —14.9° | —12.8° .
Mo 0.5048 | 0.5777 | exp. 0.54730
My 0.9809 | 0.9398 | exp. 0.95778
T'(n—~y) | 0.63 0.44 0.52 0.48 | 0.46 & 0.04
(' —~y) | 3.61 4.61 4.16 4.41 | 4.26+0.19
x(0) -(190 MeV)* | -(175.7 MeV)* | [EXP]
my [MeV] 497.6 484.4 547.7
m, [MeV] 922.5 814.8 957.8
b 51.80° 46.25°
0 -2.94° -8.49°

-

|
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Gfg from (A%): results from WV vs. Shore’s generalization

|7 x(0) -(190 MeV)* | -(175.7 MeV)* | [EXP] | with wv T
my, [MeV] 497.8 484.4 547.7 577.1
My [MeV] 926.7 818.9 957.8 932.0
o 51.38° 45.83° 39.56°
0 -3.36° -8.91° -15.18°
x(0) -(190 MeV)? | -(175.7 MeV)? | Shore
Op -2.80° -8.36° -16.5°
0o 6.70° 1.15° -12.3°
Os -12.31° -17.86° -20.1°
fo [MeV] 108.0 108.0 106.6
fs [MeV] 121.1 121.1 104.8
fg)? [MeV] -12.6 -2.17 22.8
fg, [MeV] 107.3 108.0 104.2
fg [MeV] 118.4 115.3 98.4
L 7" [MeV] -25.8 -37.2 -36.1 J
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Summary

Sketched Dyson-Schwinger approach to quark-hadron |
physics & convenient concrete dynamical models

Results for dressed quarks, pions and kaons at 7' = 0
Anomaly and mixing in the n — n’ complex

Results on n — ' complex (at T' = 0) via
Witten-Veneziano relation

Shore’s generalizationin principlevalid to all orders in ﬁ

Applying Shore’s scheme — in practice, with
approximations: A — y, FKS one-angle scheme

In the present 7' = 0 case, standard Witten-Veneziano
relation gives better results, probably for reasons of
consistency

True advantages of Shore’s generalization —at 7" > 0. J
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